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Abstract

An analysisof mutualinformationandtransferentropy asmeasuresof correlation
betweencoarse-grainedsymbolictimeseriesispresented.Themutualinformationand
transferentropy maybeusedto measurethecorrelationbetweentimeseries.Because
of budgetor responserate limits, or due to the natureof the system,the datato be
analyzedis oftenrestrictedto shortsequencesof coarse-grainedtime-seriesdata.Due
to the limitationson thedata,themeasuredcorrelationvaluesarenot expectedto be
theactualcorrelationvaluefor thesystem.A methodof studyingthedeviationsfrom
theactualvaluesis demonstrated,aswell ascalculationsof themutualinformationfor
severaldifferentsystems.

i



Acknowledgments

I would like to give specialthanksto ProfessorsEugeneTracy and DennisWeaver for
guidancewith this project. I would also like to thankGeorge Andrews andChristopher
Kulp for providing much-valuedfeedback.

Further, I would like to thankProfessorWilliam Cooke andWei Yangfor providing
accessto datafrom their laserexperiments,aswell asoffering a differentviewpoint on
severalsubjectmatters.

ii



Contents

Abstract i

Acknowledgments ii

Table of Contents iii

List of Figures iii

List of Tables iii

1 Introduction 1
1.1 TimeSeries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Probability. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 InformationTheory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.4 Mutual Information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.5 TransferEntropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Prior Work 19

3 The Numerical Experiments 20
3.1 TheSystems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2 Mutual Information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
3.3 TransferEntropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4 Numerical Results 38

5 Conclusions and Further Work 41

Bibliography 46

A Appendix A: Computer Program Files 48
A.1 PlatformRequirements. . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
A.2 CompilationandOperationInstructions . . . . . . . . . . . . . . . . . . . 48
A.3 SourceCodefor bintree.hh . . . . . . . . . . . . . . . . . . . . . . . 50
A.4 SourceCodefor bintree.cc . . . . . . . . . . . . . . . . . . . . . . . 51
A.5 SourceCodefor exectimer.hh . . . . . . . . . . . . . . . . . . . . . . 53
A.6 SourceCodefor exectimer.cc . . . . . . . . . . . . . . . . . . . . . . 54
A.7 SourceCodefor mitest.hh . . . . . . . . . . . . . . . . . . . . . . . . 54
A.8 SourceCodefor mitest.cc . . . . . . . . . . . . . . . . . . . . . . . . 55
A.9 SourceCodefor timeseries.hh . . . . . . . . . . . . . . . . . . . . . 58
A.10 SourceCodefor timeseries.cc . . . . . . . . . . . . . . . . . . . . . 58
A.11 SourceCodefor problib.hh . . . . . . . . . . . . . . . . . . . . . . . 59
A.12 SourceCodefor prob2.cc . . . . . . . . . . . . . . . . . . . . . . . . . 60
A.13 SourceCodefor slog.hh . . . . . . . . . . . . . . . . . . . . . . . . . . 64
A.14 SourceCodefor basetest.hh . . . . . . . . . . . . . . . . . . . . . . . 64

iii



A.15 SourceCodefor Makefile . . . . . . . . . . . . . . . . . . . . . . . . . 65

List of Figures

1 Graphof Many Mutual InformationValues . . . . . . . . . . . . . . . . . 39
2 Graphof Deviation from Population . . . . . . . . . . . . . . . . . . . . . 41
3 Graphof ProgramRunTimes. . . . . . . . . . . . . . . . . . . . . . . . . 44

List of Tables

1 Up/Yellow/ChristmastreeInformation . . . . . . . . . . . . . . . . . . . . 9
2 Binary InformationValues . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3 Anotherexampleof a timeseries. . . . . . . . . . . . . . . . . . . . . . . 22
4 StaticProbabilityTablefor theMutualInformation.Thesubscriptsindicate

whichsystemis contributingwhichsymbolto theprobabilities.. . . . . . . 23
5 ConstrainedMutual InformationStaticProbabilityTable . . . . . . . . . . 25
6 TransferEntropy TransitionMatrix . . . . . . . . . . . . . . . . . . . . . . 27
7 TransferEntropy ProbabilityMatrix . . . . . . . . . . . . . . . . . . . . . 28
8 ConstrainedTransferEntropy ProbabilityMatrix . . . . . . . . . . . . . . 32
9 Vectorv . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
10 ConstraintMatrix for TransferEntropy Calculation . . . . . . . . . . . . . 35
11 ConstraintMatricesfor v . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
12 ProbabilityDistribution for asystemwherew � 4, γ � 0 � 4 . . . . . . . . . 38
13 RMSDeviation from PopulationMI with Best-FitValues . . . . . . . . . . 40
14 ProgramRunTimesgivenin seconds . . . . . . . . . . . . . . . . . . . . 43
15 SystemRequirementsfor prob2 . . . . . . . . . . . . . . . . . . . . . . . 48
16 FilesRequiredto Build prob2 . . . . . . . . . . . . . . . . . . . . . . . . 48

iv



Thisstormwill bemagnificent.All theelectricalse-

cretsof Heaven.Andthis timewe’re ready, ehFritz?

– Dr. Victor Frankenstein

1 Introduction

Thedramaticimprovementof micronandsub-microndigital computerdevicesin thepast

twentyyearshasled to a renewed interestin coarse-grainedsymbolictime-series.As far

backas1965,GordonMoore[1] observedthatthecomplexity of theminimum-coststate-

of-the-artintegratedcircuit seemsto doubleroughlyeveryyearto eighteenmonths.Moore

predictedthat this trendwould continuethrough1975,but for at leastonemanufacturer

[2], this trendhascontinuedto thepresentday, resultingin extremelypowerful, low-cost

microprocessors.Becausethecurrentcropof microprocessorsofferssuchahighdegreeof

computingpower in a small, lightweight, inexpensive product,they arefinding their way

into many differentproducts.

Makinganobject“smart” by implantingit with amicroscopicdigital logic andcontrol

systemallows designersgreatcreative freedom.They canincreasethenumberof features

offeredin adevice,while at thesametime reducingweightby eliminatingbulky mechani-

calcontrolsystems.They canalsoimprovethesafetyandreliability of adeviceby allowing

it to diagnoseandevencorrectits own failures.To thatend,many intelligentdevicesincor-

poratevarioussensorsystemsthatreturndatato themicroprocessorsothatthedevicemay

analyzeits operation.By virtue of the fact that the logic of mostprocessorsis drivenby

somesortof clockingmechanism,at somepoint all of thesensordatamustbeconverted

into somekind of symbolictime-series.
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However, theneedfor smartdevicesto makerapiddecisionsplaceslimits ontheamount

of datathe canbe collected,andthe time that canbe affordedto processit. In many in-

stances,a split-seconddecisionaboutthestateof a systemis neededin orderto insureits

safeoperation.It maynot bepossible,with any sensors,to collectmany datapointsfrom

which to make a predictionaboutthesystem’s futurestate.For example,plasmainstabil-

ities in a fusion reactorcouldcausea catastrophicfailureof the systemunlessdiagnosed

andcorrectedquickly. Sincethetimescalefor plasmainstabilitiesis measuredin millisec-

onds,thediagnosticroutinemaynot have time to collecta largenumberof datapointsfor

analysisprior to having to makeadecisiononwhetheror notaninstability is present.This

problemis exacerbatedif thesystem’sstatisticalcharacterchangesover time; thatis, if the

systemis non-stationary. Shoulda systembenon-stationary, theremaybeconstraintson

theamountof previouslycollecteddatathatremainsvalid asthestatisticalcharacterof the

systemevolves.

Along with time constraints,budgetaryconstraintsalso placelimits on the typesof

sensingandprocessingequipmentthatcanbeusedin aparticularapplication.Becausethe

signalsusedby a computermustbediscreteandfinite, they mustbeconvertedfrom their

real-world, analogvalues.While a top of the line sensorsystemmight beableto reporta

wide rangeof values,with many smallstepsin betweenapproximatingacontinuoussetof

values,it is oftennot feasibleto put thebestsensorsin adevicewithoutpricingit outsideof

therangeof comparablemodels.However, a lesscostlysensormightonly beableto report

avery limited setof states.As aresultthedatasuppliedby theselesscostlysensorsis very

coarse-grained.Usingdetectorsthat reportonly a limited numberof statesmayalsobea

designdecision.Sensorsthatreportonly a few possiblestatesaremorelikely to berobust
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againstnoiseeffects,whichmaybeanimportantconsiderationif thesensorsareto beused

in a hostileenvironment. Systemmemoryis alsoexpensive. By reducingthe amountof

memoryavailableto savemoney, theamountof memoryto storethepasthistoryof datais

alsoreduced,limiting theability of thepredictivesystems.

Oncedatahasbeencollectedby the system,sometype of analysisneedsto be per-

formed. Many commonanalytical techniquesmeasureinformation theoreticquantities

suchas information flow within a system. The objective of this project was to explore

how theselimitationsaffect theperformanceof variousinformationtheoreticcalculations

whenthey aresuppliedwith short-length,coarse-grained,time-seriesdata.

1.1 Time Series

Time seriesdatawasusedextensively in this project,soa quick review of the properties

of time seriesdatawill be useful to help with interpretingthe results. The mostgeneral

descriptionof timeseriesis asequenceof timeorderedobservationsof somesystem.Con-

sider making a recordingof somemusic and storing it on a compactdisc. Music is a

continuous,analog,real-world processes,while informationstoredon a CD is digital and

finite. In orderstorethemusicon theCD, themusicis convertedinto a digital timeseries.

At fixed intervals, (near)instantaneousmeasurementsof the music’s intensityaremade.

This maybe accomplishedby usinga microphoneto convert the musicinto an electrical

signal,andmeasuringof the voltageof the signal. The intervals betweenmeasurements

arerelatedto theaccuracy of the time seriesasa representationof themeasuredprocess.

Theshortertheinterval betweenmeasurements,thebettertherepresentation,but thelarger
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the time series.Thesemeasurementsarethendiscretized:they areconvertedto oneof a

finite numberof digital valuesor symbols. The granularityof a time seriesobservation

is relatedto how many possiblestateseachelement(measurement)in the seriesmay be

selectedfrom. Thegranularityis alsorelatedto accuracy. Increasingthenumberof states

from whichameasurementmaybeselectedimprovestheaccuracy of thetimeseriesrepre-

sentation,but it alsoincreasestheamountof informationrequiredto storethetime series.

For acompactdisc,asinglesamplemaybeoneof 216 � 65536values,whichis arelatively

fine-grainedobservation.Thisprojectdealtwith representationsof timeseriesthatwereex-

tremelylimited in thenumberof elements(measurements)andextremelycoarse-grained,

with eachelementhaving only oneof two possiblevalues.

1.2 Probability

In orderto understandsomeof thecomputationsthatwereperformedfor this project,it is

usefulto review someof the basicsymbologyandterminologyusedin the discussionof

probability [3]. Theprobabilityperobservationevent that somevaluex occursis written

asp
�
x� . Thequantityx maydenoteanything of interest.A commonexampleis thevalue

thatcomesup on a thrown die. Theprobabilityof rolling a six on onethrow of a standard

six-sideddie, p
�
6� , is 1� 6. Anotherexampleis thechanceof winning a prize in a lottery.

Many lottery ticketshave a statementon the backlisting the probabilitiesof winning the

variousprizes.For example,at thetime of writing, one“Pick 4” lottery [4] statesthat the

probabilityof winning thejackpot,p
�
jackpot � , is 1� 10000.

Probabilitiesmaybeaddedtogether. This is equivalentto performinga logical “OR”
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operation:Whatis theprobabilityof event1 happeningORevent2 happening?For exam-

ple,considerpurchasingtwo “Pick 4” lottery tickets.Thentheprobabilityof winningwith

the first ticket would be 1� 10000,andthe probability of winning with the secondticket

would alsobe1� 10000.Sothetotal chanceof winning with eitherthefirst OR thesecond

ticketwouldbe

1
10000

� 1
10000

� 2
10000

� 1
5000

(1)

Or, with theexampleof rolling dice,supposea six-sidedanda twenty-sideddie arecast.

Theprobabilityof rolling a six oneitherthefirst ORtheseconddie wouldbe

1
20

� 1
6
� 13

60
(2)

Probabilitiesmay be multiplied together. This is equivalent to performinga logical

“AND” operations:What is the probability of event 1 AND event 2 happening?This is

oneway to computethe chancesof winning a “Pick 4” game. Oneway to think of it is

thechanceof selectingonefour-digit numberfrom all possiblefour-digit numbers(0000-

9999).Sincetherearetenthousandfour-digit numbers,thechanceof picking onemustbe

1� 10000.However, this probabilitymaybelookeduponasthe theprobabilityof picking

a particularcombinationof one-digitnumbers(0-9). Therearetenone-digitnumbers,so

thechancesof picking thecorrectoneare1� 10. Pickingthefirst andsecondandthird and

fourthnumberscorrectlymaybewrittenas

p
�
x1 ��� p � x2 ��� p � x3 ��� p � x4 � �	� 1

10 
 � 1
10 
 � 1

10 
 � 1
10 
 � 1

10000
(3)

Or, with thediceexample,what is theprobabilityof rolling a six on botha twenty-AND

six-sideddie?It wouldbe � 1
20 
 � 1

6 
 � 1
120

(4)
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Notationally, theprobabilityof severaleventsoccurringis calleda joint probability, andis

writtenasp
�
x � y� . This is readas“The probabilityof eventsx andy occurringis p

�
x � y� ”.

The joint probability describedabove assumesthat events1 and2 areunrelatedwith

eachother. That is, events1 and2 aresaidto be“independent”.As anexample,consider

patronsin a movie theaterbuying itemsfrom theconcessionstand.On a givenday, 80%

of thepatronspurchasejust popcorn,while only 20%purchasejust a soda.If popcornand

sodapurchaseswere independantof eachother, than the expectedjoint probability of a

patronpurchasingbothpopcornandasodawouldbe

p
�
popcorn � soda� � p

�
popcorn��� p � soda� � �

0 � 8� � 0 � 2� � 0 � 16 (5)

However, supposethetheaterownersobserve that thereis actuallya 40%chanceof a

patronpurchasingbothpopcornanda soda.This valueis differentthantheexpectedjoint

probability, sopopcornandsodapurchasingmustberelatedto eachother. Thetwo events

aresaid to be “dependent”on eachother. Using the known probability p
�
x� of event x

occurringandthejoint probabilityp
�
x � y� of thesameeventx andanothereventy ocurring,

therelationshipbetweeny on x maybecomputedas

p
�
x � y�

p
�
x� � p

�
y 
 x� (6)

wherep
�
y 
 x� is known asthe“conditionalprobability”. p

�
y 
 x� is interpretedastheprob-

ability that eventy will occurgiventhat eventx hasalreadyoccurred. Using the theater

example,theconditionalprobability thata patronwill purchasesodagiventhat they have

purchasedpopcornis

p
�
soda 
 popcorn� � p

�
popcorn � soda�
p
�
popcorn� � 0 � 40

0 � 80
� 0 � 50 (7)
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Sothereis 50%chancethatapatronwho purchasespopcornwill thenbuy asoda.

Mathematically, eventy is saidto beindependentof eventx if p
�
y 
 x� � p

�
y� . Applying

this to Equation6 leadsto theidentity

p
�
x � y� � p

�
y 
 x��� p � x� � p

�
y��� p � x� (8)

if two eventsareknown to beindependent.This relationdoesnot hold if oneof theevents

dependson thecompletionof theotherin someway.

For many systems,thefull rangeof outcomesis unknown. Theremaybeseveralout-

comesthatarenot known to exist, or their probabilityof occurrencemaynot becharacter-

ized. This would belike having a die wherenot all of thesideswerevisible. This project

investigatedsystemswherethe probabilitiesof all outcomeswereknown. That is, there

wasa probability p
�
x� associatedwith every outcomeor possiblevalueof x for the sys-

tem. Becausethesesystemswererequiredto do something,andtherewereno unknown

outcomesor probabilities,thesumoverall probabilitieswasequalto one,∑x p
�
x� � 1.

1.3 Information Theory

Although informationtheoryhasearly rootsin late19th Centurystatisticaltheory, it was

thepublicationof C. E. Shannon’spaper[5] in 1948thatfirmly establishedit asascientific

discipline. Informationtheoryis basedupontheideathatobservationsof a systemshould

give the observer someinformationaboutthe system. If many observationsof a system

weremadeandeachobservation returnedthe sameresult,thenthe observationsafter the

first onewouldnotyield any new information.But if differentvalueswerereturnedfor the

subsequentobservations,that would be new informationaboutthe systemandwould be
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useful.

Considersomedynamicalsystemfor which all potentialoutcomesfor any observation

areknown. Supposemany observationsweremadeon thesystem,with recordskeptcon-

cerninghow many outcomesof eachtypewereobserved. Perhapsthepossibleoutcomes

for thesystemwereUp, Yellow, andChristmastree,andfour Ups, two Yellows, andone

Christmastreewereobservedfor a total of sevenobservations.Theprobabilityof seeing

eachevent may be computed. For this example,that would be a 4� 7 � 57% chanceof

seeinganUp, a 2� 7 � 29%chanceof seeinga Yellow, andonly a 1� 7 � 14%chanceof

seeinga Christmastree(andall the probabilitiesmustaddup to 100%sincetheremust

havebeensomeresultfor eachobservation).

Basedon intuitive arguments,one would supposethat outcomeswhich happenless

frequentlywouldyield moreinformationaboutasystem.Supposemany observationswere

madeof somesystem.If the resultsof the subsequentobservationswereidenticalto the

first observation,thentheadditionalobservationswouldnotseemto beproviding any new

informationaboutthesystem.However, if a few of thoseobservationsreturneddifferent

values,thenthoserarevalueswouldseemto beprovidingnew information(perhapstherare

valuesrepresentedchangesin thestateof thesystem).Usingseveralarguments,Shannon

demonstratedthattheadditionalinformationconveyedby anobservationis proportionalto

thenegativelogarithmof theprobabilityof seeingtheparticularoutcome.Mathematically,

theinformationof aparticulareventx is writtenas

I
�
x� ��� loga

�
p
�
x��� (9)

wherex is an index over all possibleoutcomes,andp
�
x� is theprobabilityof seeingeach
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Observation Number Probability Information(DecimalDigits)

Up 4 0.57 � log10
�
0 � 57� � 0 � 24

Yellow 2 0.29 � log10
�
0 � 29� � 0 � 54

Christmastree 1 0.14 � log10
�
0 � 14� � 0 � 85

Table1: Up/Yellow/ChristmastreeInformation

outcomex. Thepositive integera is thebaseof thelogarithm,but it alsohasamoresubtle

interpretation.It is possibleto show the informationfor a particularevent is the number

of digits thatwould berequiredto representtheevent in a numericalbase,wherethebase

of thelogarithmis thebaseof thenumbersystemfor thedigits. Table1 shows theresults

of theinformationcalculationsfor theUp/Yellow/Christmastreeexample.Basedon these

values,it would take at least0.85decimaldigits to representa Christmastreevaluein a

sequenceof observations,but only 0.24decimaldigits to representanUp value.

This examplemaybeconvertedto binary. Sincebinaryis a base-2numberingsystem,

the log10 valuesfor informationmustbeconvertedinto log2 values.This maybeaccom-

plishedby dividing the the decimalinformationvaluesby log10
�
2� � 0 � 30103. Table2

showsthebinaryinformationvalues.Fromthetable,it would take2.82binarydigits (bits)

to representa Christmastreeversus0.79bits for anUp observation.

Givena long sequenceof Up/Yellow/Christmastreeobservations,it is possibleto de-

terminetheaverage,or expected,numberof digits requiredto representeachobservation

in thesequence.This value,calledtheShannonEntropyandwritten asH, maybedefined
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Observation DecimalDigits BinaryDigits

Up 0 � 24 0 � 24� 0 � 30103� 0 � 79

Yellow 0 � 54 0 � 54� 0 � 30103� 1 � 79

Christmastree 0 � 85 0 � 85� 0 � 30103� 2 � 82

Table2: Binary InformationValues

usingEquation9 as

H ��� I � x��� � ∑
x

p
�
x� I � x� ��� ∑

x
p
�
x� loga

�
p
�
x��� (10)

It is sumof the numberof bits of informationassociatedwith eachpossibleobservation

(I
�
x� ) multiplied by the probability p

�
x� of seeingthat symbol in the string. Along with

beingtheexpectednumberof digitsrequiredto representanobservation,Shannonwasalso

ableto show thatH is theminimumnumberof digits requiredto representanobservation.

UsingtheUp/Yellow/Christmastreeexample,theShannonEntropy (computedwith binary

entropy values)is

H ��� ∑
x

p
�
x� loga

�
p
�
x��� � 0 � 79 � 4

7 
 �
1 � 79 � 2

7 
 �
2 � 82 � 1

7 
 � 1 � 37 (11)

For example,supposetheneedexistedto transmitasequenceof observationsto another

researcher. Thetransmissionmight beaccomplishedby convertingthesequenceof obser-

vationsto asequencesof bits,andtransmittingthebits. Onewayto performtheconversion

would be to representeachsymbolasa two bit number. This shouldbeacceptable,since

a two bit numbermayhave four possiblevalues,andthereareonly threesymbols.Define

E
�
x� suchthatE returnsthenumberof bitsusedto representobservationx. Then,with this
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scheme � E �
x��� � ∑

x
p
�
x� E �

x� � 2∑
x

p
�
x� � �

2� � 1� � 2 (12)

sinceeachsymbolusesexactly two bits andthetotal probabilityof all symbolsis 1. How-

ever, comparingthiswith H, theminimumnumberof bits requiredfor thetransmission,H,

showsthatthis encodingschemeis inefficient. Observe that� E �
x��� ��� I � x��� � 2 � 1 � 37 � 0 � 63 (13)

indicatedthat,onaverage,0 � 63bitsmorethannecessaryareusedto transmiteachsymbol.

This is almosta50%excess.

It is possibleto improvetheefficiency by selectedadifferentconversionscheme.Since

Up occurswith agreaterfrequency, it mightbepossibleto reducethenumberof wastedbits

by representingUp with onebit insteadof two. Let Up berepresentedby bit ‘0’, Yellow

by bits ‘10’, andChristmastreeberepresentedby bits ‘11’. Theaveragenumberof bits for

this encodingschemeis� E �
x��� � ∑

x
p
�
x� E �

x� � � 4
7 
 1

� � 2
7 
 2

� � 1
7 
 2 � 1 � 43 (14)

By letting Up berepresentedby only onebit, theexcessnumberof bits usedin thetrans-

missionis reducedto 1 � 43 � 1 � 37 � 0 � 06 bits, a ten-fold improvementin efficiency. It is

importantto notethatbecauseH representsa lowerbound,no matterwhatcodingscheme

is used � E �
x����� H (15)

Further, � E �
x��� � H only if p

�
x� � a � j for all x, wherea is thebaseof thelogarithmused

to computeH and j is a positive integer.
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1.4 Mutual Information

UsingtheShannonentropy, it is possibleto defineaquantityM calledthemutualinforma-

tion. Supposetherearetwo systems,eachof whichgeneratesevents.Let theprobabilityof

two events,onefrom eachsystem,bedescribedby p
�
x � y� . ThentheShannonentropy for

thetwo systemswould, in general,be

H1
��� ∑

x � y p
�
x � y� log

�
p
�
x � y��� (16)

However, if the systemsare independentof eachother as definedin Section1.2, then

p
�
x � y� � p

�
x��� p � y� , andtheShannonentropy wouldbe

H2
��� ∑

x � y p
�
x � y� log

�
p
�
x� p � y��� (17)

Here,the probability p
�
x��� p � y� hassimply beensubstitutedinsidethe logarithmexpres-

sion.Thisis exactlythesamethingthatwasdonein theUp/Yellow/Christmastreeexample,

wheredifferentprobability/informationvaluesweresubstitutedinto theShannonentropy

calculations.

Now, supposeH1 is subtractedfrom H2. This is exactly thesameasthecomputations

performedto find thenumberof wastedbits incurredfrom not usingthepreciseShannon

entropy values.

H2
� H1

� � ∑
x � y p

�
x � y� log

�
p
�
x� p � y��� � ∑

x � y p
�
x � y� log

�
p
�
x � y��� (18)� ∑

x � y p
�
x � y��� log

�
p
�
x � y��� � log

�
p
�
x� p � y����� (19)� ∑

x � y p
�
x � y� log � p

�
x � y�

p
�
x� p � y� 
 (20)

The reducedequationrepresentsthe numberof extra bits that are requiredto represent

theoutputof thetwo systemsasthoughthey wereindependentasopposedto their actual
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relationship.If thesystemsactuallyareindependentof eachother, thenthevalueof H2
� H1

will equalzero. Otherwise,if the systemsaresomehow correlatedor dependenton each

other, thenH2
� H1 will bea non-zeropositive realnumber. ThevalueH2

� H1 is known

asthemutualinformation.

As an example,supposethereare two systems,1 and2, eachof which generatesa

sequenceof onesandzerosasshown below. Nothing is known abouthow the systems

generatedthesequences.

System 1: 1110110100110011101101

System 2: 1010101011011011011001

The mutual informationcalculationmay be appliedto the outputof thesesystemsto see

if they arecorrelated.First, countthe numberof zerosandonesin the outputfrom each

system.

p
�
01 � � 8� 22 � 0 � 364 (21)

p
�
11 � � 14� 22 � 0 � 636 (22)

p
�
02 � � 9� 22 � 0 � 410 (23)

p
�
12 � � 13� 22 � 0 � 590 (24)

Thesubscriptsindicatewhichmeasurementis associatedwith whichsystem.Now takethe

pairsof numbers,onefrom eachsystem,andcountthedifferenttypesof pairs.Thedatais

writtenbelow with somespacesto try andhighlight thepairsof numbers.

System 1: 1 1 1 0 1 1 0 1 0 0 1 1 0 0 1 1 1 0 1 1 0 1

System 2: 1 0 1 0 1 0 1 0 1 1 0 1 1 0 1 1 0 1 1 0 0 1
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p
�
01 � 02 � � 3� 22 � 0 � 136 (25)

p
�
01 � 12 � � 5� 22 � 0 � 227 (26)

p
�
11 � 02 � � 6� 22 � 0 � 273 (27)

p
�
11 � 12 � � 8� 22 � 0 � 364 (28)

Using theseprobability values,it is easyto computethe mutual information associated

with the two systemsfor theabove data(Base-tenlogarithmsareusedto make it easyto

double-check).

M � 0 � 136log � 0 � 136
0 � 364 � 0 � 410
 �

0 � 227log � 0 � 227
0 � 364 � 0 � 590
 (29)�

0 � 273log � 0 � 273
0 � 636 � 0 � 410
 �

0 � 364log � 0 � 364
0 � 636 � 0 � 590
 (30)� 6 � 08 ! 10� 4 (31)

Sincethemutualinformationis nonzero,thesesystemsarein someway dependenton

eachother. Onemight supposethatbecausethemutualinformationis sucha smallvalue,

that thesesystemsareonly very weaklycoupled.This might be thecase,but becausethe

lengthsof thesequencesof onesandzerosaresosmall, thereis no way to know for sure.

Thisvalueof themutualinformationmightbecloseto theactualmutualinformationvalue

for thesystem.It couldrepresentanextremelyhighvaluefor two systemsthatarecoupled

in anextremelyweakfashion.Or it couldrepresentanunusuallylow valuefor two systems

thatareactuallyvery stronglycoupled.Oneof thegoalsof this projectwasto determine

how accuratelythemutualinformationof shortlengthsof symbolsrepresentsapopulation

mutualinformationvalue.
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1.5 Transfer Entropy

Therearea few problemswith mutualinformationasausefulmeasureof correlation.One

is that in thegiven form, themutualinformationis not very effective at predictingfuture

eventsfrom currentdata. Oneremedyis to time-shift oneof the variables. In the given

form, the mutual information is evaluatedwith simultaneousobservationsof Systems1

and2. Whenoneof thevariablesis timeshifted,it mightbethatthemutualinformationis

evaluatedwith thecurrentobservedvalueof System1, but with thevalueof System2 that

wasobservedfive time-stepsago.

Anotherdifficulty with themutualinformationis thatit doesnot indicatewhichwaythe

informationis flowing, or which systemis driving which. Again, this mayberemediedby

timeshiftingoneof thevariables.Thenit is possibleto reasonthatbecausetheearlierevent

occurredprior to thelaterone,theearliereventmustbedriving thelaterone.As Schreiber

[6] notes, this is a “somewhatad hocway” of introducingasenseof directionality.

In his paper[6], Schreiberdescribesa new measureof statisticalcorrelationhe calls

thetransferentropy. It is basedonprinciplessimilar to themutualinformation,but instead

of beingderiveddirectly from theShannonentropy, it is basedon ratesof entropy change.

Thereforeit cancapturesomeof thedynamicsof asystem.

Suppose,asbefore,therearetwo systems,eachof which generatesevents.In general,

we maydefineanentropy rate(which is theamountof additionalinformationrequiredto

representthevalueof thenext observationof oneof the systems)in termsof both of the

systemsasfollows,

h1
��� ∑

xn" 1

p
�
xn# 1 � xn � yn � loga p

�
xn# 1 
 xn � yn � (32)
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wherex andy representthetwo systems,xn is thevalueof system1 attimen, yn is thevalue

of system2 at time n, andxn# 1 is thevalueof system1 at time n
�

1. Suppose,however,

that thevalueof observationxn# 1 wasnot at all dependenton thecurrentobservationyn,

then

p
�
xn# 1 
 xn � yn � � p

�
xn# 1 
 xn � (33)

Thismaybesubstitutedinto h1, resultingin

h2
��� ∑

xn" 1

p
�
xn# 1 � xn � yn � loga p

�
xn# 1 
 xn � (34)

In themutualinformationcalculations,theShannonentropy for two systemswaseval-

uatedasthoughthe systemswere independent,andfrom this wassubtractedthe correct

Shannonentropy for the two systemsto determinethemutual informationvalue. A sim-

ilar operationmaybeperformedhere. Thequantityh1 representstheentropy ratefor the

two systems,andh2 representsthe entropy rateassumingthat xn# 1 is independentof yn.

Subtractingthemyields

h2
� h1

� � ∑
xn" 1 � xn � yn

p
�
xn# 1 � xn � yn � loga p

�
xn# 1 
 xn � (35)� ∑

xn" 1 � xn � yn

p
�
xn# 1 � xn � yn � loga p

�
xn# 1 
 xn � yn �� ∑

xn" 1 � xn � yn

p
�
xn# 1 � xn � yn � loga

� p
�
xn# 1 
 xn � yn �
p
�
xn# 1 
 xn �$
 (36)

whichis whatSchreibercalledhis transferentropy. It is writtenasTJ % I . Notethatthereare

actuallytwo equationsfor thetransferentropy becausethetransferentropy hasaninherent

asymmetryto it.

TJ % I
� ∑

xn" 1 � xn � yn

p
�
xn# 1 � xn � yn � log � p

�
xn# 1 
 xn � yn �
p
�
xn# 1 
 xn �&
 (37)

TI % J
� ∑

yn" 1 � xn � yn

p
�
yn# 1 � xn � yn � log � p

�
yn# 1 
 xn � yn �
p
�
yn# 1 
 yn � 
 (38)
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Equation37isconcernedwith predictingthe
�
n
�

1� th symbolfor stringi, whereasequation

38dealswith predictingthe
�
n
�

1� th symbolfor string j. This is differentfrom themutual

information,which only shows the total amountof informationmoving betweenthe two

systems.Thetransferentropy is alsoinherently‘predictive’ becauseit directly incorporates

relationshipsbetweenthen andn
�

1 symbolsin astring.

Usingthesamesetof dataaswasusedfor themutualinformationcalculation,a trans-

fer entropy calculationmaybeperformed.However, insteadof usingtheaboveequations,

two slightly differentequationswill be used. Using the definitionsof conditionalprob-

ability from Section1.2, the substitutionsp
�
xn# 1 
 xn � yn � � p

�
xn# 1 � xn � yn ��� p

�
xn � yn � and

p
�
xn# 1 
 xn � � p

�
xn# 1 � xn ��� p

�
xn � may be performedon TJ % I . Similar transformationsap-

ply to theTI % J equation.With thesesubstitutions,theseequationsbecome

TJ % I
� ∑

xn" 1 � xn � yn

p
�
xn# 1 � xn � yn � log � p

�
xn# 1 � xn � yn ��� p � xn �

p
�
xn � yn ��� p � xn# 1 � xn � 
 (39)

TI % J
� ∑

yn" 1 � xn � yn

p
�
yn# 1 � xn � yn � log � p

�
yn# 1 � xn � yn ��� p � yn �

p
�
xn � yn ��� p � yn# 1 � yn �'
 (40)

Hereis acopy of thedatato beanalyzed.

System 1: 1 1 1 0 1 1 0 1 0 0 1 1 0 0 1 1 1 0 1 1 0 1

System 2: 1 0 1 0 1 0 1 0 1 1 0 1 1 0 1 1 0 1 1 0 0 1

Thiswill bethecalculationfor TJ % I . Firstdeterminep
�
xn# 1 � xn � yn � .

p
�
0x � 0x � 0y � � 0 � 0 (41)

p
�
0x � 0x � 1y � � 0 � 0952381 (42)

p
�
0x � 1x � 0y � � 0 � 190476 (43)

p
�
0x � 1x � 1y � � 0 � 0952381 (44)
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p
�
1x � 0x � 0y � � 0 � 142857 (45)

p
�
1x � 0x � 1y � � 0 � 142857 (46)

p
�
1x � 1x � 0y � � 0 � 0952381 (47)

p
�
1x � 1x � 1y � � 0 � 238095 (48)

Note that the subscriptsin the probabilitiesindicatewhich systemeachof the valuesis

takenfrom. Now calculatep
�
xn# 1 � xn �

p
�
0 � 0� � 0 � 0952381 (49)

p
�
0 � 1� � 0 � 285714 (50)

p
�
1 � 0� � 0 � 285714 (51)

p
�
1 � 1� � 0 � 333333 (52)

Finally, wecomputep
�
xn � yn � andp

�
x� .

p
�
0 � 0� � 0 � 136364 (53)

p
�
0 � 1� � 0 � 227273 (54)

p
�
1 � 0� � 0 � 272727 (55)

p
�
1 � 1� � 0 � 363636 (56)

p
�
0� � 0 � 363636 (57)

p
�
1� � 0 � 636364 (58)

EvaluatingTJ % I with theseprobabilityvaluesanda log baseof 10 yieldsTJ % I
� 0 � 0440.

A similar computationmay be performedfor TI % J with the resultTI % J
� 0 � 0113. This
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is interpretedassystemJ adding0.0440digits of predictabilityto systemI , andsystemI

adding0.0113digitsof predictabilityto J.

2 Prior Work

A substantialamountof work hasalreadybeendoneon coarse-grainedtime seriesdata

andmeasuringcorrelationswithin them. In 1980 KedempublishedBinary Time Series

[7] which providedanextensive treatmentof thepropertiesof binary time seriesdata,in-

cludingnon-information-theoreticmethodsof measuringcorrelationandpredictingfuture

valuesin suchseries.WentianLi’ s1989papertitled “Mutual InformationFunctionsversus

CorrelationFunctions”[8] derived an exact relationshipbetweenthe mutual information

functionM
�
d � andthecorrelationfunctionΓ

�
d � for binary time series.Li alsodiscussed

theeffectsof finite samplesizeonthecorrelationreturnedby themutualinformationfunc-

tion. More recentlypapersby HerzelandGroße[9] andBenedetto,Caglioti, andLoreto

[10] havediscussedtheapplicationof informationtheoreticanalysismethodsto othertypes

of coarse-grainseries.HerzelandGroßeuseDNA strandsastheir data,while Benedetto,

Caglioti,andLoretoanalyzedandclassifiedwritten languages.

Finally, Mark Roulston[11] generatedstatisticaldatabasedon severalprobabilitydis-

tributions,andanalyzedthedeviationof theShannonentropy of theresultingdatafrom the

expectedvaluesbasedon theprobabilitydistributions.This experimentwassimilar to the

oneperformedin this project,exceptthat hereother informationtheoreticmeasureswill

be usedinsteadof the Shannonentropy. Also, Roulstonusedrelatively large series(sets

of 100and1000datapoints)for his calculations.This projectwill exploreserieswith ten
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elementsor fewer.

3 The Numerical Experiments

Thereweretwo goalsfor this project. Thefirst wasto evaluatethemutualinformationas

a measureof statisticalcorrelationbetweenshort,coarse-grainedtimesseries.This wasto

beaccomplishedby observingthedeviationof themutualinformationfrom someexpected

valueasthenumberof symbolsusedto computethemutual informationdecreased.The

secondgoalwasto evaluatethetransferentropy asameasureof statisticalcorrelationunder

thesameconditions.Thesetaskswereto beperformedby a computerprogram.

3.1 The Systems

In orderto evaluatethemutualinformationandtransferentropy asmeasuresof correlation,

a way of generatingpairsof coupledtime serieswasrequired.Thedecisionwasmadeto

usefirst-orderMarkov processesto generatethe time series.Thereweretwo reasonsfor

this choice.Thefirst wasthatthepropertiesof Markov processeshave beencharacterized

andthey arewell understood.Thesecondwasthatbecausethetestsfor this projectwere

to be performedby computationalsimulation,it would be useful to usealgorithmsthat

wouldbeeasyto simulateanddebug. Markov processesarerelatively easyto simulateand

maintain.

Although Markov processesare well characterized,an importantcomponentof this

projectwasto characterizethemfrom aninformationtheoreticpointof view. To determine

how far off a measureof correlationis from someexpectedvalue,oneneedsto have the
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expectedvalueto compare.For themeasuresof correlationconsideredin theproject,that

expectedvaluewouldbethevalueof thecorrelationmeasureappliedto two very longtime

series.Conveniently, many of thelong-termstatisticalpropertiesof theoutputof aMarkov

processmaybedeterminedfrom theprocessitself, without generatinglong sequencesof

outputs.For example,theprobabilitydistribution of thesymbolsin a long outputmaybe

found by computingthe eigenvectorof the transitionmatrix for the Markov process.A

large portion of the work for this projectwent to developingalgorithmsto extract from

the Markov processesthe long-term,or “population”, valuesof the variousmeasuresof

correlation. Hand-in-handwith this characterization,work wasdoneto parameterizethe

Markov processesto allow thecorrelationbetweenthe two outputsequencesto bevaried

in a controlledfashion.

Theoutputof theMarkov processesusedin this projectweretwo sequencesof binary

symbols.Thesearethetwo artificial time series.It wasdecidedthat thesequenceswould

bebinary(asopposedto someothercoarse-graining,suchasa threeor four statesystem)

for two reasons.One, Kedem[7] and Li [8] had alreadydonesubstantialwork on the

propertiesof binarytimeseries,sotheirpropertieswerealreadyunderstood.Two, because

this project was concernedin part with measuringdeviations due to coarse-graining,it

wasbelieved that selectingthe coarsestgrainingpossiblewould enhanceany observable

effects.Eachof thesequencesis of thesamelength,calledthe“window size”,anddenoted

by theparameterw. As anexample,considerthesequencesof onesandzerosusedfor the

calculationsin Sections1.4and1.5. Thesearetwo binarysequences,andthewindow size

for thepair, w, equals22. As anotherexample,considerTable3. Here,x andy represent

the two differentbinary sequences.Eachelementof eachsequencemay be a zeroor a
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k 0 1 2 ����� n ����� �
w � 1�

x 1 0 1 �����)( 0 � 1 * ����� 1

y 0 1 1 �����)( 0 � 1 * ����� 0

Table3: Anotherexampleof a timeseries

one.Theparticularelementsof eachsequencemaybereferencedby thevariablen where

0 + n + w. In Table3, x1
� 0 andyw � 1

� 0.

3.2 Mutual Information

TheMarkov modelfor themutualinformationwasrelatively easyto construct.Recallthe

definition of the mutual information from Section1.4. Using the index n introducedin

Table3, this definitionmayberewrittenas

M � w � 1

∑
n, 0

p
�
xn � yn � log � p

�
xn � yn �

p
�
xn ��� p � yn � 
 (59)

Notice that themutualinformationonly dependson p
�
xn � yn � , p

�
xn � , andp

�
yn � , wherexn

andyn areelementsof thetwo time seriesx andy. Observe thatbecausezeroandoneare

theonly valuesthatmayappearin eitherx andy, thereexiststheequalities

p
�
0x � 0y � � p

�
0x � 1y � � p

�
0x � (60)

p
�
1x � 0y � � p

�
1x � 1y � � p

�
1x � (61)

p
�
0x � 0y � � p

�
1x � 0y � � p

�
0y � (62)

p
�
0x � 1y � � p

�
1x � 1y � � p

�
1y � (63)
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p
�
0x � 0y � p

�
0x � 1y � � p

�
0x �

p
�
1x � 0y � p

�
1x � 1y � � p

�
1x �� p

�
0y � � p

�
1y � 1

Table4: StaticProbabilityTablefor theMutual Information.Thesubscriptsindicatewhich

systemis contributingwhichsymbolto theprobabilities.

Further

p
�
0x � � p

�
1x � � 1 (64)

p
�
0y � � p

�
1y � � 1 (65)

Also, it maybeseenthat the valueof themutualinformationdoesnot dependon the

orderof thepairs
�
xn � yn � . Any two pairsmayswappositionwithout changingthemutual

informationbetweenthe two series.Becausethemutualinformationis not dependenton

theorderof thesymbols,it doesnotencodeany of thedynamicsof thesystem.Therefore,

insteadof representingtheMarkov processfor this systemwith a transitionmatrix, it may

be representedas a table of relationshipsbetweenstatic probability valuesas shown in

Table4, wherethesumof theelementsof any row or columnis zero. Note thatalthough

certainprobabilitiesappearin anegativeform in this table,theprobabilitiesthemselvesare

not negative; all probabilitiesarepositive. They appearin a negative form in this tableto

demonstratetherelationshipsbetweenthevalues.

Using theserelationships,it is straightforward to computethe mutual informationof

a time series.First, initialize all of the joint probabilitiesto zero,andthenfor eachpair�
xn � yn � in thetime series,addoneto theappropriatejoint probabilityentry. Whenall the
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pointshavebeenreadin, divideeachjoint probabilityby thetotalnumberof pairsof points,

w. Theneachjoint probability is exactly theprobabilityof thatpair of symbolsoccurring

in thetimeseries,andtheprobabilityof any particularsymboloccurringin anarraymaybe

solvedfor usingtheequalities.Oncethat is done,all that remainsis to evaluateEquation

59 usingthevaluesspecifiedin thetable.

Creatinga modelto generatetime serieswith a particularmutualinformationwasalso

relatively straightforward. Given theabove relationships,theusercouldhave beenasked

to supplythe variousvaluesof the probabilities,thusgeneratinga modelwith a specific

mutualinformation. Eventhoughthereareeightvariablesin theprobabilitymatrix, only

threeof themarefreeparameters.Thisstill providesfor alargenumberof differenttypesof

matricesto betested.In orderto reducethenumberof calculations,two furtherconstraints

wereplacedontheusermodel.Thefirst constraintwasthateachof theindividualsymbols

mustoccurwith equalfrequency.

p
�
a� � p

�
b� � p

�
c� � p

�
d � � 1

2
(66)

Thesecondconstraintdefinedp
�
0x � 0y � to beγ � 2, whereγ is a free,real-valuedparameter

which may rangefrom 0.0 to 1.0. Solving the equalitiesresultsin the joint probabilities

thathave thevalues

p
�
0x � 0y � � γ

2
(67)

p
�
0x � 1y � � 1 � γ

2
(68)

p
�
1x � 0y � � 1 � γ

2
(69)

p
�
1x � 1y � � γ

2
(70)

Theseequationsmayalsorepresentedin a tableformat,asshown in Table5.
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γ � 2 �
1 � γ ��� 2 � 1� 2�

1 � γ ��� 2 γ � 2 � 1� 2� 1� 2 � 1� 2 1

Table5: ConstrainedMutual InformationStaticProbabilityTable

Theseconstrainslimit thenumberof freeparametersin themodelto just one,γ. How-

ever, even thoughit only hasone parameter, the model covers a full rangeof possible

mutualinformationvalues.If γ � 0 � 0, thenonly symbolcombinations
�
0x � 1y � and

�
1x � 0y �

will have non-zeroprobabilitiesof occurring. Conversely, if γ � 1 � 0, thenonly symbol

combinations
�
0x � 0y � and

�
1x � 1y � will occur. In bothof thesecases,themutualinforma-

tion valuescomputedfrom the model are equal,with a valueM � 1 � 0 whencomputed

usinglog2. In addition,if γ � 0 � 5, thenall combinationsareassignedthesameprobability

of occurring,p � 0 � 25, andM � 0 � 0. Further, since0x and0y canbe homomorphically

transformedto 1x and1y respectively, the mutual information for this systemshouldbe

distributedsymmetricallyaroundγ � 0 � 5 asγ : 0 � 0 - 1 � 0.

While this modelrepresenteda very convenientparameterizationof themutualinfor-

mationcalculations,therewasoneproblem. The all of the entriesin the tablearestatic

probability values,and it proved impracticalto generatedynamictime seriesfrom these

staticvalues. Instead,an ensembleof time seriesof someuser-specifiedwindow sizew

wasgenerated.Eachrealizationof the ensemblewasoneof the pairsof time seriesas

shown in Table3 with lengthw. Theentireensembleconsistedof all possiblecombination

of onesandzerosfor eachof the time series.For eachmemberof the ensemble,it was

possibleto computethemutualinformationasdetailedabove. Basedon theuser-specified
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valuefor γ, aMarkov probabilitytablewasgenerated.Only onevalueof γ wasusedfor the

entireensemble.Observe that theprobabilityof themodelgeneratinga particularpair of

timeseriesx andy, p
�
x � y � , maybecomputedas

p
�
x � y � � w � 1

∏
n, 0

p
�
xn � yn � (71)

wherep
�
xn � yn � maybecomputedfrom theuser-specifiedMarkov probabilitytable.

Therefore,for any realizationof theensemble,thereexistsa tuple
�
M � p� , whereM is

is the mutual informationcomputedfor the realization,and p is the probability that the

user-specifiedmodelwill generatethatparticularrealization.Sincep
�
x � y � wasevaluated

for all themembersof theensemble

∑
x � y p

�
x � y � � 1 (72)

Becausethesumof theprobabilitiesis one,it is possibleto generateacumulativedistribu-

tion functionfrom theprobabilitiesof thevariousrealizationsof theensemble.Usingthe

cumulative distribution, it is possibleto computethe 50%-ile of the mutual information.

That is, thevalueof mutualinformationthat is greateror equalto themutualinformation

of at leasthalf theensamble.

3.3 Transfer Entropy

DevisingaMarkov modelfrom whichtransferentropy valuesmaybecomputedwasslight-

ly moredifficult thandevising thecomparablematrix for themutual information. Recall

Schreiber’s equationsfor thetransferentropy (Equations37and38)

TJ % I
� ∑

xn" 1 � xn � yn

p
�
xn# 1 � xn � yn � log � p

�
xn# 1 
 xn � yn �
p
�
xn# 1 
 xn � 
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p
�
0.x � 0.y 
0x � 0y � p

�
0.x � 0.y 
0x � 1y � p

�
0.x � 0.y 
1x � 0y � p

�
0.x � 0.y 
 1x � 1y �

p
�
0.x � 1.y 
0x � 0y � p

�
0.x � 1.y 
0x � 1y � p

�
0.x � 1.y 
1x � 0y � p

�
0.x � 1.y 
 1x � 1y �

p
�
1.x � 0.y 
0x � 0y � p

�
1.x � 0.y 
0x � 1y � p

�
1.x � 0.y 
1x � 0y � p

�
1.x � 0.y 
 1x � 1y �

p
�
1.x � 1.y 
0x � 0y � p

�
1.x � 1.y 
0x � 1y � p

�
1.x � 1.y 
1x � 0y � p

�
1.x � 1.y 
 1x � 1y �

Table6: TransferEntropy TransitionMatrix (primedvaluesare from observation n
�

1,

unprimedvaluesarefrom observationn)

TI % J
� ∑

yn" 1 � xn � yn

p
�
yn# 1 � xn � yn � log � p

�
yn# 1 
 xn � yn �
p
�
yn# 1 
 yn �&


Theseequationscontainexplicit referencesto thethecurrentsetof observations(xn, yn) and

thefuturesetof observations(xn# 1, yn# 1). Thereforetheseequationscanrecordsomeof the

dynamicsof what is beingobserved. As a consequence,theMarkov modelfor thesystem

mustbe representedasa transitionmatrix. Thereare four possiblesetsof observations

thatmaybemadeat time n:
�
0x � 0y � , � 0x � 1y � , � 1x � 0y � , � 1x � 1y � . Thesesamefour seriesof

observationsmay alsobe madeat time n
�

1. Thusthe Markov processfor the transfer

entropy maybedescribedby a four-by-four transitionmatrix shown in Table6.

While thematrix in Table6 canproperlydescribeaMarkov processfrom whichatrans-

fer entropy may be calculated,it is not the mostusefulpresentationof the data. Instead,

supposeeachconditionalprobability in the tablewasconvertedinto a four-elementjoint

probability by multiplying the conditionalprobability with an appropriatetwo-element

joint probability (usingthe relation p
�
a � b � c � d � � p

�
a � b 
 c � d ��� p � c � d � ). The resultwould

bethejoint probabilitymatrix show in Table7.
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p
�
0.x � 0.y � 0x � 0y � p

�
0.x � 0.y � 0x � 1y � p

�
0.x � 0.y � 1x � 0y � p

�
0.x � 0.y � 1x � 1y �

p
�
0.x � 1.y � 0x � 0y � p

�
0.x � 1.y � 0x � 1y � p

�
0.x � 1.y � 1x � 0y � p

�
0.x � 1.y � 1x � 1y �

p
�
1.x � 0.y � 0x � 0y � p

�
1.x � 0.y � 0x � 1y � p

�
1.x � 0.y � 1x � 0y � p

�
1.x � 0.y � 1x � 1y �

p
�
1.x � 1.y � 0x � 0y � p

�
1.x � 1.y � 0x � 1y � p

�
1.x � 1.y � 1x � 0y � p

�
1.x � 1.y � 1x � 1y �

Table7: TransferEntropy ProbabilityMatrix

RecallthatEquations39and40

TJ % I
� ∑

xn" 1 � xn � yn

p
�
xn# 1 � xn � yn � log � p

�
xn# 1 � xn � yn ��� p � xn �

p
�
xn � yn ��� p � xn# 1 � xn � 


TI % J
� ∑

yn" 1 � xn � yn

p
�
yn# 1 � xn � yn � log � p

�
yn# 1 � xn � yn ��� p � yn �

p
�
xn � yn ��� p � yn# 1 � yn �'


wereamodifiedform of Schreiber’stransferentropy equationsfrom whichall of thecondi-

tional probabilitieshadbeeneliminated.As thefollowing equationsshow, it is possibleto

computeall of thevaluesnecessaryto evaluateTJ % I from theprobabilityentriesin Table7.

p
�
0.x � 0x � 0y � � p

�
0.x � 0.y � 0x � 0y � � p

�
0.x � 1.y � 0x � 0y � (73)

p
�
0.x � 0x � 1y � � p

�
0.x � 0.y � 0x � 1y � � p

�
0.x � 1.y � 0x � 1y � (74)

p
�
0.x � 1x � 0y � � p

�
0.x � 0.y � 1x � 0y � � p

�
0.x � 1.y � 1x � 0y � (75)

p
�
0.x � 1x � 1y � � p

�
0.x � 0.y � 1x � 1y � � p

�
0.x � 1.y � 1x � 1y � (76)

p
�
1.x � 0x � 0y � � p

�
1.x � 0.y � 0x � 0y � � p

�
1.x � 1.y � 0x � 0y � (77)

p
�
1.x � 0x � 1y � � p

�
1.x � 0.y � 0x � 1y � � p

�
1.x � 1.y � 0x � 1y � (78)

p
�
1.x � 1x � 0y � � p

�
1.x � 0.y � 1x � 0y � � p

�
1.x � 1.y � 1x � 0y � (79)

p
�
1.x � 1x � 1y � � p

�
1.x � 0.y � 1x � 1y � � p

�
1.x � 1.y � 1x � 1y � (80)
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p
�
0.x � 0x � � p

�
0.x � 0x � 0y � � p

�
0.x � 0x � 1y � (81)

p
�
0.x � 1x � � p

�
0.x � 1x � 0y � � p

�
0.x � 1x � 1y � (82)

p
�
1.x � 0x � � p

�
1.x � 0x � 0y � � p

�
1.x � 0x � 1y � (83)

p
�
1.x � 1x � � p

�
1.x � 1x � 0y � � p

�
1.x � 1x � 1y � (84)

p
�
0x � 0y � � p

�
0.x � 0x � 0y � � p

�
1.x � 0x � 0y � (85)

p
�
0x � 1y � � p

�
0.x � 0x � 1y � � p

�
1.x � 0x � 1y � (86)

p
�
1x � 0y � � p

�
0.x � 1x � 0y � � p

�
1.x � 1x � 0y � (87)

p
�
1x � 1y � � p

�
0.x � 1x � 1y � � p

�
1.x � 0x � 1y � (88)

p
�
0x � � p

�
0x � 0y � � p

�
0x � 1y � (89)

p
�
1x � � p

�
1x � 0y � � p

�
1x � 1y � (90)

A similarsetof equationsshows it is possibleto computeall of thevaluesnecessaryto

evaluateTI % J from theprobabilityentriesin Table7.

p
�
0.y � 0x � 0y � � p

�
0.x � 0.y � 0x � 0y � � p

�
1.x � 0.y � 0x � 0y � (91)

p
�
0.y � 0x � 1y � � p

�
0.x � 0.y � 0x � 1y � � p

�
1.x � 0.y � 0x � 1y � (92)

p
�
0.y � 1x � 0y � � p

�
0.x � 0.y � 1x � 0y � � p

�
1.x � 0.y � 1x � 0y � (93)

p
�
0.y � 1x � 1y � � p

�
0.x � 0.y � 1x � 1y � � p

�
1.x � 0.y � 1x � 1y � (94)
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p
�
1.y � 0x � 0y � � p

�
0.x � 1.y � 0x � 0y � � p

�
1.x � 1.y � 0x � 0y � (95)

p
�
1.y � 0x � 1y � � p

�
0.x � 1.y � 0x � 1y � � p

�
1.x � 1.y � 0x � 1y � (96)

p
�
1.y � 1x � 0y � � p

�
0.x � 1.y � 1x � 0y � � p

�
1.x � 1.y � 1x � 0y � (97)

p
�
1.y � 1x � 1y � � p

�
0.x � 1.y � 1x � 1y � � p

�
1.x � 1.y � 1x � 1y � (98)

p
�
0.y � 0y � � p

�
0.y � 0x � 0y � � p

�
0.y � 1x � 0y � (99)

p
�
0.y � 1y � � p

�
0.y � 0x � 1y � � p

�
0.y � 1x � 1y � (100)

p
�
1.y � 0y � � p

�
1.y � 0x � 0y � � p

�
1.y � 1x � 0y � (101)

p
�
1.y � 1y � � p

�
1.y � 0x � 1y � � p

�
1.y � 1x � 1y � (102)

p
�
0y � � p

�
0x � 0y � � p

�
1x � 0y � (103)

p
�
1y � � p

�
0x � 1y � � p

�
1x � 1y � (104)

Threeobservationsmaybemadeabouttherelationshipbetweenthevariousentriesof

Table7. Oneis thatthecalculationsfor thejoint probabilitiesof thetype p
�
xn � yn � arethe

samefor both TI % J andTJ % I , so they werenot repeatedin the secondsetof equations.

Thesecondis that computingp
�
xn � yn � is equivalentto summinga columnof thematrix,

it is alsoequivalentto summinga row of thematrix. Summingover thefirst row is equiv-

alent in summingover the xn andyn indices,which yields p
�
0.x � 0.y � . However, because

theprobabilitiesunderconsiderationaretime-shift invariant,this is equivalentto p
�
0x � 0y �

obtainedfrom summingthefirst columnof thematrix. A similar logic appliesto theother

rows andcolumns.Finally, notethatsummingover theelementsof thefirst two columns
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is equivalentto summingover the xn# 1, yn# 1, andyn indices,resultingin the probability

p
�
0x � . p

�
1x � maybedeterminedby summingovercolumnsthreeandfour. Summingover

thefirst two andsecondtwo rowsyield thesameresults.

Usingtheserelationships,it is possibleto computethetwo transferentropiesof a time

series,in a mannersimilar to computingthe mutual information. First, initialize all of

the joint probabilitiesto zero,andthenfor eachquadruplet
�
xn# 1 � yn# 1 � xn � yn � in the time

series,addoneto the appropriatejoint probability entry. Whenall the pointshave been

readin, divideeachjoint probabilityby thetotal numberof quadrupletsof points,w. Then

eachfour-elementjoint probabilityis set,andEquations39and40 maybesolved.

Developinga modelto generatetime serieswith a particularsetof transferentropies

hasbeenmuchharderthendevelopingonefor the mutual information,andhasyet to be

completedasof thiswriting. Obviously, theusercouldsupplyall sixteenentriesfor Table7,

but this would resultin a hugenumberof possiblematricesto evaluate.However, because

oneof the goalsof this projectwas to comparethe the mutual informationand transfer

entropy asmeasuresof correlation,it wasdecidedto considerthosesystemwith nomutual

informationbut with non-zerotransferentropy.

Oneway to forceasystemto havezeromutualinformationis to ensuretheequality

p
�
xn � yn � � p

�
xn ��� p � yn � (105)

alwaysholds.Thismaybeaccomplishedby settingthefollowing

p
�
0x � � p

�
1x � � p

�
0y � � p

�
1y � � 0 � 5 (106)

p
�
0x � 0y � � p

�
0x � 1y � � p

�
1x � 0y � � p

�
1x � 1y � � 0 � 25 (107)

Applying theseconstrainsto thejoint probabilitymatrix yieldsTable8, wherethesumof
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p
�
0.x � 0.y � 0x � 0y � p

�
0.x � 0.y � 0x � 1y � p

�
0.x � 0.y � 1x � 0y � p

�
0.x � 0.y � 1x � 1y � � 0 � 25

p
�
0.x � 1.y � 0x � 0y � p

�
0.x � 1.y � 0x � 1y � p

�
0.x � 1.y � 1x � 0y � p

�
0.x � 1.y � 1x � 1y � � 0 � 25

p
�
1.x � 0.y � 0x � 0y � p

�
1.x � 0.y � 0x � 1y � p

�
1.x � 0.y � 1x � 0y � p

�
1.x � 0.y � 1x � 1y � � 0 � 25

p
�
1.x � 1.y � 0x � 0y � p

�
1.x � 1.y � 0x � 1y � p

�
1.x � 1.y � 1x � 0y � p

�
1.x � 1.y � 1x � 1y � � 0 � 25� 0 � 25 � 0 � 25 � 0 � 25 � 0 � 25 1

Table8: ConstrainedTransferEntropy ProbabilityMatrix

all therowsandcolumnsmustbezero.

The addition of theseconstraintsreducesthe numberfree parametersin the matrix

from sixteento nine, however that was still too many free parametersto model. As a

way to eliminateadditionalvariables,it seemedreasonableto determinethoseconditions

for which the transferentropy of the matrix would be zero,and then to try andperturb

away from thoseconditions. Considerthe TJ % I transferentropy. While in principle any

combinationof probabilitiesmight resultin it having a zerovalue,it is reasonableto look

at a subsetof combinations.If every term in thesumfor TJ % I is zero,thenthe total will

alsobezero.Therearetwo waysfor a termof thesumto bezero,either

p
�
xn# 1 � xn � yn � � 0 (108)

or

p
�
xn# 1 � xn � yn ��� p � xn �

p
�
xn � yn ��� p � xn# 1 � xn � � 1 (109)

Equation108 is the trivial case. This implies that no instanceof
�
xn# 1 � xn � yn � exists in

the input. While this couldbetruefor a specialcase,in generalit is not likely to happen.
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Instead,considerEquation109. In orderfor it to hold

p
�
xn# 1 � xn � yn ��� p � xn � � p

�
xn � yn ��� p � xn# 1 � xn � (110)

Sincethe constraintsthat p
�
xn � � 0 � 5 and p

�
xn � yn � � 0 � 25 werealreadyapplied,this is

equivalentto

2 � p � xn# 1 � xn � yn � � p
�
xn# 1 � xn � (111)

However, if a sumis takenover all possiblevaluesof a variablein a joint probability, that

variablemaybeeliminatedfrom thejoint probability. Therefore

p
�
xn# 1 � xn � � ∑

yn

p
�
xn# 1 � xn � yn � (112)

Becauseyn wasdefinedto haveonly two possiblestates,thereareonly two termsin thethe

summation,andEquation112mayberewrittenas

p
�
xn# 1 � xn � � p

�
xn# 1 � xn � yn � � p

�
xn# 1 � xn � ỹn � (113)

where ỹn is the complimentof yn. That is, whatever value yn takes, ỹn takes the other

possiblevalue.Substitutingthis into Equation111yields

2 � p � xn# 1 � xn � yn � � p
�
xn# 1 � xn � yn � � p

�
xn# 1 � xn � ỹn � (114)

p
�
xn# 1 � xn � yn � � p

�
xn# 1 � xn � ỹn � (115)

Againnotingthatthesumoverall possiblevaluesof avariablein a joint probabilityelimi-

natesthatvariable,Equation115maybewrittenas

∑
yn" 1

p
�
xn# 1 � yn# 1 � xn � yn � � ∑

yn" 1

p
�
xn# 1 � yn# 1 � xn � ỹn � (116)
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v �
/000000000000001

p
�
0.x � 0.y � 0x � 0y �

p
�
0.x � 1.y � 0x � 0y �

...

p
�
1.x � 0.y � 1x � 1y �

p
�
1.x � 1.y � 1x � 1y �

24333333333333335
(117)

Table9: Vectorv

The lastexpressionstatesthat thefirst sumof thefirst two cells in thefirst columnof the

matrix mustequalthe sumof the first two cells in the secondcolumnof the matrix (or

thesumsof the first two cells in the third andfourth columnsmustbe equal,andsoon).

Similarly, theequationsmaybesolvedfor TI % J, yieldingsimilar results,only actingonthe

first andthird andsecondfourth cellsof theappropriatecolumns.Notethatthis expresses

a linear relationshipsbetweenprobability values.Although the transferentropy equation

is nonlinear, theequationsthatarebeingusedarelinear, andmaybeanalyzedusinglinear

algebra.

To do this, therelationshipsmayberepresentedasamatrix. Table7 maybewritten as

avectorv with sixteenentriesasshown in Table9. A secondmatrixA maybeconstructed

whichsummarizestheconstrainsto beimposedon v, asshown in Table10. Thefirst eight

rows of A representthe constraintthat the sumof eachrow andeachcolumnof Table8

mustbe0.25to fix themutualinformationat zero. In this case,theserows aresetso that

whenthey acton theappropriatevector, thefirst eighttermsof theresultwill beones.The

secondeight rows of A representthe constraintthat the varioussetsof cells mustsatisfy

so that thereis zerotransferentropy. Theserows aresetso that thesecondeight termsof
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A �

/000000000000000000000000000000000000000000000000000000000000001

4 4 4 4 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 4 4 4 4 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 4 4 4 4 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 4 4 4 4

4 0 0 0 4 0 0 0 4 0 0 0 4 0 0 0

0 4 0 0 0 4 0 0 0 4 0 0 0 4 0 0

0 0 4 0 0 0 4 0 0 0 4 0 0 0 4 0

0 0 0 4 0 0 0 4 0 0 0 4 0 0 0 4

1 1 0 0 -1 -1 0 0 0 0 0 0 0 0 0 0

0 0 1 1 0 0 -1 -1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 0 0 -1 -1 0 0

0 0 0 0 0 0 0 0 0 0 1 1 0 0 -1 -1

1 0 1 0 0 0 0 0 -1 0 -1 0 0 0 0 0

0 0 0 0 1 0 1 0 0 0 0 0 -1 0 -1 0

0 1 0 1 0 0 0 0 0 -1 0 -1 0 0 0 0

0 0 0 0 0 1 0 1 0 0 0 0 0 -1 0 -1

24333333333333333333333333333333333333333333333333333333333333335
(118)

Table10: ConstraintMatrix for TransferEntropy Calculation.Theemptyspaceseparates

thefirst eightandlasteightrows.
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the resultvectorwill be zeroif thereis zerotransferentropy. A non-zeroresult in result

elementsnine thoughtwelve indicatesTJ % I is nonzero. A non-zeroresult in elements

thirteenthroughsixteenindicatesthatTI % J is nonzero.

SolvingthelinearequationAv � 0 revealsthenull spaceof thematrix hasfive dimen-

sions,indicatingthat thereshouldbefive freeparametersin Table8 similar to γ from the

mutual informationcalculations.However, theredoesnot appeara simpleinterpretation

for them. In order to display the parameters,it is possibleto solve the linear equation

Av � b, whereb � � 1111111100000000� T indicatingtheresultfor a systemwith no trans-

fer entropy. Solving this equationusingthe Maple computeralgebraprogramyieldeda

sixteenelementvectorparameterizedwith five variables. It is easierto show the results

if the sixteen-dimensionalvectorv is convertedback into a setof four-by-four matrices

asshown in Table11. For thesematricesthe j valuesrepresentthe five free parameters.

Matricesthatmeettheimposedconditionsmaybeconstructedfrom linearcombinationsof

thematrices.

The setof matricesshown in Table11 representthe extent of the work that hasbeen

accomplishedon this part of the project. As canbe seen,the matricesdo not show any

simplepatternthatwould indicatehow to divideupthefiveparametersin amannersimilar

to what is seenin themutualinformationcalculations.However, therearestill somecon-

straintequationswhich have not beenincorporatedinto thesecalculations.For theentries

of v (Table8) to beinterpretedasprobabilities,they all mustlie betweenzeroandone.Any

setof valuesfor the j parameterswill allow v to meettherestrainsimposedon it, including

thosethat result in elementsof v that arenot interpretableasprobabilities. Becausethe

full developmentof this modelhasnot beencompleted,it wasnot possibleto evaluatethe
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v � j1

/00000000001
-1 1 0 0

1 -1 0 0

1 -1 0 0

-1 1 0 0

2 33333333335 �
j2

/00000000001
-1 0 1 0

1 0 -1 0

1 0 -1 0

-1 0 1 0

2 33333333335
�

j3

/00000000001
1 -1 1 -1

-1 1 -1 1

0 0 0 0

0 0 0 0

2433333333335 �
j4

/00000000001
1 1 -1 -1

0 0 0 0

-1 -1 1 1

0 0 0 0

2433333333335
�

j5

/00000000001
1 0 0 -1

0 1 -1 0

0 -1 1 0

-1 0 0 1

2433333333335 �
/00000000001

0 0 0 0.25

0 0 0.25 0

0 0.25 0 0

0.25 0 0 0

2433333333335
Table11: ConstraintMatricesfor v
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Mutual Information Probability

0.000 0.317

0.123 0.173

0.311 0.374

0.811 0.078

1.000 0.058

Total 1.000

Table12: ProbabilityDistribution for asystemwherew � 4, γ � 0 � 4
transferentropy asa measureof statisticalcorrelationfor short,coarse-grainedtime series

at thetime of writing.

4 Numerical Results

The only resultsthat have beencollectedby this projecthave beenfor the evaluationof

themutualinformationasameasureof statisticalcorrelationfor short,coarse-grainedtime

series.A computerprogramwaswritten thatacceptsa modelmatrix anda window size,

andperformstheoperationsdescribedin Section3.2.For example,whentheprogramwas

set to computethe mutual informationfor time seriesof lengthw � 4, wherethe model

parameterγ � 0 � 4, 44 � 256 mutual information/probabilitypairsweregenerated.Table

12shows theresultsof sortingthosepairsandsummingtheprobabilityof thosepairswith

thesamemutualinformation.

Figure1 showing thefiftieth-percentilecumulativemutualinformationvaluesfor mul-
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Figure1: Graphof Many Mutual InformationValues

tiple modelsandwindows sizesby plotting thefiftieth-percentilevaluesagainstthe γ pa-

rameterfor thevariouswindow sizes.This graphis symmetricaroundx � 0 � 5 aswasex-

pected,becausethesystemshave thesamesymbolstatisticson eithersideof x � 0 � 5, they

just changewhich symbolsareassociatedwith which probabilities. As the window size

increases,the fiftieth-percentilecurvesdo seemto be approachingthe populationvalue,

which wasalsoexpected.As thesamplesizeincreases,it is expectedthatmeasuresof sta-

tistical informationwould tendto approachthepopulationvalues.To highlight this trend,

anRMS-typevaluewascomputed.Let thepopulationmutualinformationfor a particular

systemx bedenotedby Mpop 6 � x� , andlet thefiftieth-percentilesamplemutualinformation

for thatsamematrixwith awindow sizeof w bedenotedby M
�
w� x� . ThedeviationD

�
w� is

computedjustasthesamplestandarddeviation,wherethemeanvalueis givenby Mpop 6 � x� ,
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Window Size Deviation Best-Fit Value D(w)

4 0.21 0.21

6 0.11 0.11

8 0.05 0.06

10 0.04 0.04

Table13: RMSDeviation from PopulationMI with Best-FitValues

andthesamplevalueis givenby M
�
w� x� .

D
�
w� � 1

n � 1∑
x
� M �

w� x� � Mpop 6 � x��� 2 (119)

In this equation,the summationis taken over all basismatricesdefinedby x, and n is

thenumberof basismatricesused.Table13 lists thedeviationscalculatedfor thecurves

presentedin Figure 1. Figure 2 shows a graphof the deviations as well as the bestfit

curve. Thebest-fitcurvefor thisdatawascomputedusingtheAxum 6 computergraphing

package.It is

D � 1 � 628 7 w� 1 6 3698 � 0 � 034 (120)

The magnitudeof the deviation decreasesas the window size increases,which wasex-

pected. Unfortunately, becausethe curve is only basedon four datapoints, not much

information can be gleanedfrom it. It would be useful to know whetherthe deviation

asymptoticallyapproacheszeroasthewindow sizeincreases,or whetherit goesto some

othervalue.Theformerwouldseemto bethecaseastheconstantoffsetof thecurve is rel-

atively closeto zero,but it is notpossibleto tell. Also, it is unknown whethertherelatively

largedifferencebetweenthebest-fitvalueandtheactualdatafor a window sizeof 8 is the
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Figure2: Graphof Deviation from Population

resultof apoorfit or whetherthereis achangein thesystempropertiesat this point.

5 Conclusions and Further Work

Unfortunatelynot many conclusionsmaybedrawn from this project. It washopedthat it

would be possibleto finish the transferentropy modeling,andbe ableto provide a com-

parisonbetweentheperformanceof themutualinformationandtransferentropy, but this

wasnot accomplished.The resultsof the analysisof the mutual informationdo provide

someusefulinformation.Basedon thetrails run,a time-serieslengthof only tensymbols

providesarelatively closeapproximationof thepopulationmutualinformationfor thesys-

tem,with anaveragedeviationof around0.04.This is usefulfor many situationsbecauseit

allowsoneto expectgoodresultsfrom mutualinformationcalculationsevenwhenworking

with limited datasets.
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This projectsuggestsa largenumberof possiblewaysto extendtheresearch.Thefirst

wouldbeto completethemathematicalanalysisof thetransferentropy model,andevaluate

its performancein measuringcorrelations.Also, no work wasdonein looking at how the

coarsenessof thedatareflectson theperformanceof themeasurementfunctions.It would

alsobeinterestingto seetherelationshipbetweenLi’ s [8] work andtheresultsreturnedby

this project.

Further, oneof thedifficultiesencounteredin thisprojectwastherapidincreasein com-

putationtimesfor evaluatingthemutualinformationasthewindow sizeincreased.Because

evaluatingonemutualinformationvaluerequiresevaluatingeverypossiblecombinationof

two binarystringsof lengthw, increasingthelengthof thestringsmultipliesthenumberof

combinationsby four. That is, thetotal numberof calculationsshows exponentialgrowth

with respectto thesequencelength,specificallyc � 4w, wherec is thenumberof calcula-

tionsandw is thewindow size. Becauseof this fantasticgrowth rate,therun time for the

programquickly becomesenormous.Usinga timer function,therun-timeof theprogram

wasevaluatedwith variouswindow sizes,asshown in Table14.

In orderto estimatetherun timefor theprogramfor arbitrarywindow sizes,theparam-

eterequation

y � kx

a
�

b (121)

waschosenasa model. In this equation,y is therun time, k is theexponentbase,andx is

the window size. a andb arefree parametersdeterminedby the programcharacteristics.

If a were a regular multiplying constant,then from dimensionalanalysisa shouldbe a

Skinnerconstantwith unitsof secondsperoperation.However, it is easierto think of the
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Window Size Num. Ops. (4w) Average Time

1 4 0.01

2 16 0.02

3 64 0.03

4 256 0.07

5 1024 0.20

6 4096 1.07

7 16384 4.39

8 65536 17.83

9 262144 74.58

10 1048576 305.18

Table14: ProgramRunTimesgivenin seconds
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Figure3: Graphof ProgramRunTimes

inverse(operationsper second),so a waschosento be a dividing constant.b, with units

of seconds,representsthe fixed processingoverheadthat the programperforms,suchas

openingandclosingfiles. Usingthis model,a best-fitequationfor thedatawascomputed

usingxmgr . Thefinal solution,with anaccuracy of no lessthan0.01onany value,wasas

follows.

y � 4 � 10x

4390
� 0 � 03 (122)

Figure3 showsagraphof Table14with this best-fitline included.

For a ten-bit-lengthsequence,the averagerun time for the programon onecomputer

was3 � 05 ! 102 seconds,or a little overfiveminutes.Basedonequation122,thesamepro-

gramonthesamemachineprocessingatwenty-symbolstringswouldtakeabout4 � 09 ! 108

seconds,or almostthirteenyears.Obviously, thebruteforcemethodsto usedin thisproject

rapidly becomeuntenablefor “large” window sizes.However, thereareseveralotherap-

proaches.For large window sizes(w 9 � 100), the small sampleeffects are much less
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significant,and it is possibleto usestatisticalsamplingtechniques.This is the method

Roulston[11] usedto evaluatethe Shannonentropy valuesfor seriesof length100 and

1000. Work is still beingdoneto determinethe appropriatemethodsfor evaluatingin-

formationtheoreticvaluesfor windows sizesgreaterthanten elements,but lessthanone

hundredelements.Someof thesemethodsincludeMonteCarlo-typesamplingtechniques,

andbeingstudiedby ProfessorDennisWeaver of SaintLeoUniversityat thetime of writ-

ing.

Finally, duringthecourseof this experiment,softwarewasdevelopedto calculatemu-

tual information and transferentropy valuesfor arbitrary datasets.It shouldbe easyto

convert thatsoftwareto processreal-timedata,with theintentionof beingableto controla

systemin real time usingtheinformationtheoreticmeasurementsto detectchangesin the

systemstate.

In many ways, this project hasserved as test-bedfor different ideas. While it has

answeredsomequestions,its greatestvalueshouldbe to provide directionfor further in-

quiries.
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Component Name Version
Processor Intel R

:
PentiumR

:
133MHz Family 5, Model2,

Stepping12
SoftwareDistribution RedHat 7.1
OperatingSystemKernel GNU/Linux 2.4.2–2
Shell GNU Bash 2.04.21(1)
C Library glibc 2.2.2
C/C++Compiler GNU CompilerCollection 2.96-RH
Make GNU Make 3.79.1

Table15: SystemRequirementsfor prob2 .

bintree.hh exectimer.hh mitest.hh timeseries.hh Makefile basetest.hh slog.hh
bintree.cc exectimer.cc mitest.cc timeseries.cc prob2.cc problib.hh

Table16: FilesRequiredto Build prob2 .

A Appendix A: Computer Program Files

Thefollowingappendixcontainstheprogramsourcefilesrequiredto compilethecomputer
programprob2 , Version2, Block 2. This is the programthat wasusedto evaluatethe
variousstatisticalmeasuresfor this report.

A.1 Platform Requirements

All sourcecomputercodewaswritten in the C++ computerprogramminglanguage.A
make file to control compilationwaswritten to run with theGNU make program.Please
consultTable 15 for a list of the hardware and software componentsthat were usedto
compileandrun theprogram.

A.2 Compilation and Operation Instructions

PleaseseeTable16 for a listing of thefilesneededto compileprob2 . In orderto compile
theprogram,thesefile needto beplacedinto acommondirectory, andtheMakefileinvoked
(this canusuallybeaccomplishedby typing make at thecommandprompt). Assuminga
suitableC++ compileris available,thefiles will beconstructed,andtheprogramprob2
will becreated.

At minimumto runprob2 , youneedto specifyasourcematrixfile to readandprocess.
Therearealsoanumberof switchesthatcanbespecified.Hereis a listing of theswitches,
with their default valuesandfunctions.; -l: Specifiesthelogarithmbaseto beusedin calculations.Thismaybeany realnum-

ber, however theprogramprovidesnoerror checkingfor nonsensicalbasevalues, so
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it is bestto restrictthis valueto positive real valuesgreaterthanzero. The default
valueis base2.; -p: Specifiesthenumberof digits to displayafter thedecimalpoint in calculations.
This maybeany integer, however theprogramprovidesno error checking for non-
sensicalprecisionvalues, so it is bestto restrictthis valueto positive integers.The
default valueis 15 numbersafterthedecimal.; -t: Specifieswhich calculationshouldbe run on the input matrix. Currentvalues
associatedwith calculationsare1 for a χ2 calculation,2 for a mutual information
calculation,and3 for a transferentropy calculation,however only themutualinfor-
mationcalculationis implementedin prob2 Version2, Block 2. If a valueof 0 is
specified,theprogramwill probethespecifiedmatrixfile to determinefor whichcal-
culatethematrix file is configured.If aparticularcalculationis specified,thematrix
file will still be probedto determineif it is correctlyconfigured,andthe program
will returnanerrorif thematrixfile numberdoesnotmatchthespecifiedcalculation
number. Further, if anunsupportedtestis specified,theprogramwill alsogenerate
anerror. Thedefault valueis 0 for anautoprobe.; -w: Specifieshow many symbolsshouldbeusedin evaluatingthecalculation,thatis,
thewindow size.If awindow sizeof zerois selected,thenthesystemwill outputthe
matrixspecifiedby thematrixfile, aswell asthepopulationcalculationvaluefor the
matrix. Otherwisetheprogramwill evaluatethecalculationfor all possiblebinary,
two-window combinations.Any unsignedlong integer valueis acceptable,but no
error checking is providedfor negativevalues. Thedefault valueis 0 for thesystem
information.

Any of theseswitchesmaybespecifiedin any order, providedall switchescomebeforethe
filename.Any switchesthat comeafter thefilenamewill be ignored. Duplicateswitches
areallowed,but only thelastonewill haveany effect. Hereareafew examplesto illustrate
variousconfigurations.; $> prob2

Thiswill fail becausenomatrix file namewasspecified.; $> prob2 matrix1.mat
Thiswill run prob2usingthematrix1.matfile with thedefault valueslistedabove.; $> prob2 -l4 -w 12 matrix1.mat
Thiswill runprob2usingthematrix1.matfile with thelogarithmbasesetto four and
with thewindow sizesetto twelve (yes,a spaceis allowedbetweenthenumberan
theswitch).; $> prob2 -l4 -w 12 matrix1.mat -l2
Thiswill runprob2usingthematrix1.matfile with thelogarithmbasesetto four and
with thewindow sizesetto twelve. Thesecond-l switchis ignored.
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; $> prob2 -l4 -w 12 -w6 matrix1.mat
Thiswill runprob2usingthematrix1.matfile with thelogarithmbasesetto four and
with the window sizesetto six. The first window sizeswitch is overriddenby the
second.

The remainderof this appendixwill be a listing of the contentsof the above files.
While the programfiles will be slightly modifiedto accommodateprinting requirements,
the shouldbe written an equivalently compilableform. Pleasenote that no testinghas
beendoneon the modifiedcodecontainedherein, and while it shouldcompileand run
properlywhenenteredinto a computersystemverbatim,nowarrantyor guaranteeis made
concerningthefitnessor operability of this code.

A.3 Source Code for bintree.hh
// Binary Tree Library File
// By Andrew Davis
// 2001-07-04

#ifndef BINTREE_HH
#define BINTREE_HH

//********************************

#include <iostream.h>

//********************************

struct treeptr {
double xval, yval;
struct treeptr *left, *right;

};

class bintree {
public:

bintree() {root=NULL;} //Constructor method.

void addelement (const double &newx, const double &newy);

void writetree (ostream &outstr) const {if (root!=NULL)
inorderwritetree (outstr, root);}

double cumdist () const;

˜bintree() {if (root!=NULL) deleteelement (root);}
//Destructor method.

private:
struct treeptr *root;
struct treeptr *newelement (const double &newx,

const double &newy);
void inorderwritetree (ostream &outstr,

struct treeptr *currpoint) const;
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void inordercumdist (struct treeptr *currpoint, double &xval,
double &sum) const;

void deleteelement (struct treeptr *currpoint);
};

//********************************

#endif

A.4 Source Code for bintree.cc
// Binary Tree Implimentation File
// By Andrew Davis
// 2001-07-04

#include "bintree.hh"

//********************************

void bintree::addelement (const double &newx,
const double &newy){

//This method adds an element to the binary tree.

struct treeptr *currbranch=root;

if (root==NULL){
root = newelement(newx, newy);
return;

}

for (;;){
if (currbranch->xval == newx){

currbranch->yval+=newy;
return;

}

if (currbranch->xval < newx){
if (currbranch->right==NULL){

currbranch->right=newelement(newx , newy);
return;

}
else currbranch=currbranch->right;

}
else{

if (currbranch->left==NULL){
currbranch->left=newelement(newx, newy);
return;

}
else currbranch=currbranch->left;

}
}

}
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//********************************

void bintree::inorderwritetree (ostream &outstr,
struct treeptr *currpoint) const{

if (currpoint->left!=NULL)
inorderwritetree (outstr, currpoint->left);

outstr<<currpoint->xval<<", "<<currpoint->yval<<’\n’;
if (currpoint->right!=NULL)

inorderwritetree (outstr, currpoint->right);
}

//********************************

double bintree::cumdist () const{
double xval=0.0, sum=0.0;

if (root==NULL) return (0);
else inordercumdist (root, xval, sum);

return (xval);
}

//********************************

void bintree::inordercumdist (struct treeptr *currpoint,
double &xval, double &sum) const{

if ((sum < 0.50) && (currpoint->left!=NULL))
inordercumdist (currpoint->left, xval, sum);

if (sum < 0.50){
sum+=currpoint->yval;
xval=currpoint->xval;

}

if ((sum < 0.50) && (currpoint->right!=NULL))
inordercumdist (currpoint->right, xval, sum);

}

//********************************

struct treeptr * bintree::newelement (const double &newx,
const double &newy){

struct treeptr *newptr = new (struct treeptr);
newptr->xval=newx;
newptr->yval=newy;
newptr->left=newptr->right=NULL;
return (newptr);

}

//********************************

void bintree::deleteelement (struct treeptr *currpoint){
if (currpoint->left != NULL) deleteelement (currpoint->left);
if (currpoint->right != NULL) deleteelement (currpoint->right);
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delete currpoint;
}

//********************************

A.5 Source Code for exectimer.hh
// Program Timing Class Library
// By Andrew Davis, inspired by timing.c
// written by Robert Michael Lewis
// 2001-07-08

#ifndef EXECTIMER_HH
#define EXECTIMER_HH

//********************************* *

class exectimer {
public:

exectimer (bool printstate =1);

void zerotimer () {time=get_prog_time();} // Set the timer.

double gettime () {return (get_prog_time() - time);}
// Return the amount of time elapsed since timer object
// created or reset.

void setprintstate (bool printstate =1)\
{end_print = printstate;}

// This sets whether the destructor prints the time.
// 0=no print; 1=print.

bool getprintstate () const {return (end_print);}
// Returns the value of the print state.
// See setprintstate() function.

˜exectimer () {if (end_print)
cerr<<"Time was: "<< gettime() << endl;}

// This is the destructor. If the print_state=1,
// it prints the elapsed time on the object at the
// time of destruction.

private:
bool end_print;
double time, sysspeed;
double get_prog_time () const;

};

//*********************************

#endif
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A.6 Source Code for exectimer.cc
// Program Timing Class Implimentation
// By Andrew Davis, inspired by timing.c
// written by Robert Michael Lewis
// 2001-07-08

#include <iostream.h> // Cerr
#include <sys/times.h> // Times
#include <unistd.h> // sysconf (clock speed)
#include "exectimer.hh" // Library file

//********************************* ****** ***** ***

exectimer::exectimer(bool printstate){
//This is the constructor.

sysspeed=sysconf(_SC_CLK_TCK); //Get the system speed
//in cycles per second. Must be called first in constructor
//as needed by zerotimer().

end_print=printstate; //Set the print state.
//Defaults to 1=true=print in destructor.

zerotimer(); //Initialize timer.
}

//********************************* ****** ***** ***

double exectimer::get_prog_time () const{
// This is a private wrapper function for the times()
// function. For information on the times function and
// the tms struct, see "man 2 times".

struct tms now; // Create tms struct.
times(&now); // Call times to populate tms struct.
return (((double) now.tms_utime +

(double) now.tms_stime)/sysspeed);
// Return runtime. tms struct values in clock ticks,
// so need to divide by sysspeed to get seconds.
// sysspeed initialized to sysconf(_SC_CLK_TCK) by constructor,
// and is system clock tics per second. See "man 3 sysconf"
// for more information.
}

//********************************* ****** ***** ***

A.7 Source Code for mitest.hh
// Mutual Information Test Class Library
// By Andrew Davis
// 2001-07-10

#ifndef MITEST_HH
#define MITEST_HH
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//*********************************

#include "basetest.hh"
#include <fstream.h>

//*********************************

class mitest : public basetest {
public:

mitest (ifstream &mdata);
virtual void outputpopval (double logbase);
virtual void initsampval (short p1, w_size val);
virtual r_size runpoptest (double logbase)

{return (runtest (popprobmatrix, logbase));}
virtual r_size runsamptest (double logbase) const;
virtual r_size getsampprob () const;
virtual void pokesampval (short *dataset1, short *dataset2,

w_size index, short delta)
{sampcntmatrix [dataset1[index]][dataset2[index]]+=de lta;}

virtual void outputsampval () const;

private:
r_size runtest (r_size amatrix[2][2], double logbase) const;
r_size popprobmatrix [2][2];
w_size sampcntmatrix [2][2];

};

//********************************* ****** ***** ****

#endif

A.8 Source Code for mitest.cc
// Mutual Information Test Class Implementation
// By Andrew Davis
// 2001-07-10

//********************************* ****** ***** ****
// Include Files

#include <stdio.h>
#include "mitest.hh"
#include "slog.hh"

//********************************* ****** ***** ****

mitest::mitest(ifstream &mdata){
// This constructor loads population data from the file.

r_size probA0, prob0, probA;

mdata >> probA0 >> prob0 >> probA;
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popprobmatrix [symA][sym0]=probA0;
popprobmatrix [symB][sym0]=prob0-probA0;
popprobmatrix [symA][sym1]=probA-probA0;
popprobmatrix [symB][sym1]=1-prob0-probA+probA0;

}

//********************************* ****** ***** ****

void mitest::outputpopval (double logbase) {
// This method displays the object information.

printf("1 | %.4lf | %.4lf |\n"
"--+--------+--------|\n"
"0 | %.4lf | %.4lf |\n"
"--+--------+--------|\n"
" | A | B |\n", popprobmatrix [symA][sym1],

popprobmatrix [symB][sym1], popprobmatrix [symA][sym0],
popprobmatrix [symB][sym0]);

logbase++;

fflush(NULL);
}

//********************************* ****** ***** ****

void mitest::initsampval (short p1, w_size val){

sampcntmatrix [symA][sym0]=0;
sampcntmatrix [symA][sym1]=0;
sampcntmatrix [symB][sym0]=0;
sampcntmatrix [symB][sym1]=0;

sampcntmatrix [p1][p1]=val;
}

//********************************* ****** ***** ****

r_size mitest::runsamptest (double logbase) const{
// This method returns the mutual information of cntmatrix.
r_size sampprobmatrix[2][2];
w_size totalcnt=sampcntmatrix[symA][sym0]

+sampcntmatrix[symA][sym1]+sampcntm atrix[ symB] [sym0 ]
+sampcntmatrix[symB][sym1];

sampprobmatrix[symA][sym0]=((doub le)sam pcntm atrix [symA] [sym0 ]
/(double)totalcnt);

sampprobmatrix[symA][sym1]=((doub le)sam pcntm atrix [symA] [sym1 ]
/(double)totalcnt);

sampprobmatrix[symB][sym0]=((doub le)sam pcntm atrix [symB] [sym0 ]
/(double)totalcnt);

sampprobmatrix[symB][sym1]=((doub le)sam pcntm atrix [symB] [sym1 ]
/(double)totalcnt);
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return (runtest(sampprobmatrix, logbase));
}

//********************************* ****** ***** ****

r_size mitest::getsampprob () const{
return(

pow(popprobmatrix[symA][sym0],sampcnt matri x[sym A][sym 0])
*pow(popprobmatrix[symA][sym1], sampcntmatrix[symA][sym1])
*pow(popprobmatrix[symB][sym0], sampcntmatrix[symB][sym0])
*pow(popprobmatrix[symB][sym1], sampcntmatrix[symB][sym1])

);
}

//********************************* ****** ***** ****

r_size mitest::runtest (r_size amatrix[2][2],
double logbase) const{

// This method returns the mutual information of amatrix.
r_size prob0, prob1, probA, probB, sum=0.0;

prob0=amatrix[symA][sym0]+amatrix [symB] [sym0 ];
prob1=amatrix[symA][sym1]+amatrix [symB] [sym1 ];
probA=amatrix[symA][sym0]+amatrix [symA] [sym1 ];
probB=amatrix[symB][sym0]+amatrix [symB] [sym1 ];

if (amatrix[symA][sym0]!=0.0) sum+=amatrix[symA][sym0]
*slog(amatrix[symA][sym0] / (probA * prob0),logbase);

if (amatrix[symA][sym1]!=0.0) sum+=amatrix[symA][sym1]
*slog(amatrix[symA][sym1] / (probA * prob1),logbase);

if (amatrix[symB][sym0]!=0.0) sum+=amatrix[symB][sym0
]*slog(amatrix[symB][sym0] / (probB * prob0),logbase);

if (amatrix[symB][sym1]!=0.0) sum+=amatrix[symB][sym1]
*slog(amatrix[symB][sym1] / (probB * prob1),logbase);

return (sum);
}

//********************************* ****** ***** ****

void mitest::outputsampval () const{
// This method displays the object information.

printf("\n"
"1 | %ld | %ld |\n"
"--+--------+--------|\n"
"0 | %ld | %ld |\n"
"--+--------+--------|\n"
" | A | B |\n\n", sampcntmatrix [symA][sym1],

sampcntmatrix [symB][sym1], sampcntmatrix [symA][sym0],
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sampcntmatrix [symB][sym0]);

fflush(NULL);
}

//********************************* ****** ***** ****

A.9 Source Code for timeseries.hh
// Time Series Class Library
// By Andrew Davis
// 2001-07-04

#ifndef TIMESERIES_HH
#define TIMESERIES_HH

//*********************************

#include "problib.hh"

//*********************************

class timeseries {
public:

timeseries(w_size windowsize);
void resetdata (short val =0);
void setval (w_size offset, short val =1);
void pokeval (w_size offset, short val);
short int checkval (w_size offset) const

{return (series[offset]);}
short int *getdata () {return (series);}
w_size getnumzeros () const {return (numzeros);}
w_size getsize () const {return (seriessize);}
˜timeseries() {delete [] series;}

private:
short *series;
w_size numzeros, seriessize;

};

//*********************************

#endif

A.10 Source Code for timeseries.cc
// Time Series Implimentation File
// Andrew Davis
// 2001-07-04

#include "timeseries.hh"

//********************************* ****** ***** *****
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timeseries::timeseries (w_size windowsize){
// This constructor initializes timeseries with a

// length and sets all values to zeros.

seriessize=windowsize;
series=new short int [seriessize];
resetdata ();

}

//********************************* ****** ***** *****

void timeseries::resetdata (short val){
// This method sets all entries to one value
for (w_size c=0; c < seriessize; c++) series[c]=val;
if (val==0) numzeros=seriessize;
else numzeros=0;

}

//********************************* ****** ***** *****

void timeseries::setval (w_size offset, short val){
//This function sets a particular element of the timeseries.

if (series[offset] == 0) numzeros--;
if (val==0) numzeros++;
series[offset]=val;

}

//********************************* ****** ***** *****

void timeseries::pokeval (w_size offset, short val){
//This function sets a particular element of the timeseries.

if (series[offset] == 0) numzeros--;
series[offset]+=val;
if (series[offset] == 0) numzeros++;

}

//********************************* ****** ***** *****

A.11 Source Code for problib.hh
// Problib library file
// Andrew Davis
// 2001-07-12

#ifndef PROBLIB_HH
#define PROBLIB_HH

//********************************* ****** ***** ****
// Typedefs
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typedef double r_size;
typedef unsigned long w_size;

//********************************* ****** ***** ****
// Macros

#define symA 0
#define symB 1
#define sym0 0
#define sym1 1

#define CHOICE 0
#define X2TEST 1
#define MITEST 2
#define TETEST 3

#define AOK 0
#define ARG_ERROR-1
#define FILE_ERROR -2
#define TEST_ERROR-3

//********************************* ****** ***** ****

#endif

A.12 Source Code for prob2.cc
// Probability Program 2 using C++
// By Andrew Davis
// 2001-06-05

//********************************* ****** ***** ****

#include "bintree.hh"
#include "timeseries.hh"
#include "mitest.hh"
#include "exectimer.hh"

#include <string>
#include <unistd.h>
#include <sstream>

//********************************* ****** ***** ****

void readcmdparams (int &error, int argc, char *argv[],
ifstream &datain, ofstream &dataout, ofstream &cdout,
w_size &windowsize, double &logbase, int &precision,
int &testval){

int optval, testchk;

if (argc<2) error=ARG_ERROR;
else{
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do{
optval=getopt(argc, argv, "+l:p:t:w:");

switch (optval){
case ’l’: logbase=atof(optarg); break;
case ’p’: precision=atoi(optarg); break;
case ’t’: testval=atoi(optarg); break;
case ’w’: windowsize=atol(optarg); break;
}

}
while ((optval>0) && (optval!=’?’));

datain.open(argv[optind]);
datain>>testchk;
if (testval==CHOICE) testval=testchk;

if (testval!=testchk) error=FILE_ERROR;
else if (windowsize>0){

ostringstream buffdata, buffcd;
buffdata<<argv[optind]<<"."<<window size< <".da ta";
buffcd<<argv[optind]<<"."<<windowsi ze<<" .cd";

string sdata (buffdata.str()), scd (buffcd.str());
dataout.open(sdata.c_str());
cdout.open(scd.c_str());

}
else{

ostringstream buffdata;
buffdata<<argv[optind]<<".pop.data" ;

string sdata (buffdata.str());
dataout.open(sdata.c_str());

}
}

}

//********************************* ****** ***** ****
void generateData (basetest *thetest, bintree &datastore,
w_size windowsize, double logbase){

short carry;
w_size c, d;
timeseries sensor1 (windowsize), sensor2 (windowsize);

// Initialize timeseries and set sample value.
thetest->initsampval (0, windowsize);

do{
// store data in tree
for (d=0; d<windowsize; d++) cout<<sensor1.checkval(d);
cout<<" ";
for (d=0; d<windowsize; d++) cout<<sensor2.checkval(d);
cout<<"\n";

datastore.addelement(thetest->runsamp test( logba se),
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thetest->getsampprob());

// Increment sensor 1 and update tables.
for (c=0, carry=1; ((carry!=0) &&

(c < sensor1.getsize())); c++){
thetest->pokesampval(sensor1.getdat a(),

sensor2.getdata(), c, -1);
sensor1.pokeval(c, carry);

if (sensor1.checkval(c)>1){
carry=1;

sensor1.pokeval(c,-2);
}
else carry=0;

thetest->pokesampval(sensor1.getdat a(),
sensor2.getdata(), c, 1);

}

// Increment sensor 2 and update tables.
for (c=0; ((carry!=0) && (c < sensor2.getsize())); c++){

thetest->pokesampval(sensor1.getdat a(),
sensor2.getdata(), c, -1);

sensor2.pokeval(c, carry);

if (sensor2.checkval(c)>1){
carry=1;
sensor2.pokeval(c,-2);

}
else carry=0;

thetest->pokesampval(sensor1.getdat a(),
sensor2.getdata(), c, 1);

}
}
while ((sensor1.getnumzeros()+sensor2.g etnum zeros ())

!=(windowsize*2));
}

//********************************* ****** ***** ****

void printerror (int error){
switch (error){
case ARG_ERROR: cerr<<"No test file listed."<<endl; break;
case FILE_ERROR: cerr<<"Testval--file mismatch."<<endl;

break;
case TEST_ERROR: cerr<<"Illegitamate test selected."

<<endl; break;
default: cerr<<"Unknown Error."<<endl; break;
}

}

//********************************* ****** ***** ****
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int main (int argc, char *argv[]){
// Main function.

// Set program timer.
exectimer clock1;

// Initialize Local Data Objects
basetest *thetest=NULL;
bintree datastore;
w_size windowsize=0;
double logbase=2;
ifstream datain;
ofstream dataout, cdout;
int testval=AOK, precision=15, error=0;

readcmdparams (error, argc, argv, datain, dataout, cdout,
windowsize, logbase, precision, testval);

if (error==AOK){
switch (testval){
case MITEST: thetest=new mitest(datain); break;
default: error=TEST_ERROR; break;
}

}
datain.close();

// If window size is zero, show system diagnostic data,
// else generate data.
if (error != AOK){

clock1.setprintstate(0);
printerror (error);

}
else if (windowsize == 0){

clock1.setprintstate(0);
thetest->outputpopval(logbase);
cout<<"Pop. Test Val.: "<<thetest->runpoptest(logbase)<<"\ n";
dataout.precision(precision);
dataout<<thetest->runpoptest(logbase) <<"\n ";

}
else {

generateData (thetest, datastore, windowsize, logbase);

dataout.precision(precision);
datastore.writetree (dataout);

cdout.precision(precision);
cdout<<datastore.cumdist()<<"\n";
cdout.close();

}
dataout.close();

return (error);
}
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A.13 Source Code for slog.hh
// Arbitrary Base Log Function
// Andrew Davis
// 2001-07-10

#ifndef SLOG_HH
#define SLOG_HH

//*********************************

#include <math.h>

//*********************************

inline double slog (double val, double base){
return (log(val) / log(base));

}

//*********************************

#endif

A.14 Source Code for basetest.hh
// Base Test Class Library
// By Andrew Davis
// 2001-07-04

#ifndef BASETEST_HH
#define BASETEST_HH

//*********************************

#include "problib.hh"

//*********************************

class basetest {
public:

virtual void outputpopval (double logbase) =0;
virtual void initsampval (short p1, w_size val) =0;
virtual r_size runpoptest (double logbase) =0;
virtual r_size runsamptest (double logbase) const =0;
virtual r_size getsampprob () const =0;
virtual void pokesampval (short *dataset1, short *dataset2,

w_size index, short delta) =0;
virtual void outputsampval () const =0;

};

//*********************************

#endif
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A.15 Source Code for Makefile
ERRS = -Wall
OPT1 = -O3 -s -march=i586
OPT2 = -fomit-frame-pointer -funroll-loops -fforce-addr
OPT = $(OPT1) $(OPT2)

#********************************** ****** ***** ***** ****** ***

btcc = bintree.cc
bto = bintree.o
bthh = bintree.hh

etcc = exectimer.cc
eto = exectimer.o
ethh = exectimer.hh

micc = mitest.cc
mio = mitest.o
mihh = mitest.hh basetest.hh slog.hh problib.hh

tscc = timeseries.cc
tso = timeseries.o
tshh = timeseries.hh

p2cc = prob2.cc
p2o = prob2.o
p2hh = problib.hh mitest.hh exectimer.hh bintree.hh

mkfl = Makefile

#********************************** ****** ***** ***** ****** ***

prob2 : $(bto) $(eto) $(mio) $(tso) $(p2o) $(mkfl)
$(CXX) $(ERRS) $(OPT) $(bto) $(eto) $(mio) $(tso) $(p2o) -o prob2

prob2.o : $(p2cc) $(p2hh) $(mkfl)
$(CXX) $(ERRS) $(OPT) -c $(p2cc)

bintree.o : $(btcc) $(bthh) $(mkfl)
$(CXX) $(ERRS) $(OPT) -c $(btcc)

exectimer.o : $(etcc) $(ethh) $(mkfl)
$(CXX) $(ERRS) $(OPT) -c $(etcc)

mitest.o : $(micc) $(mihh) $(mkfl)
$(CXX) $(ERRS) $(OPT) -c $(micc)

timeseries.o : $(tscc) $(tshh) $(mkfl)
$(CXX) $(ERRS) $(OPT) -c $(tscc)

#********************************** ****** ***** ***** ****** ***
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