Small Sample Effects on I nfor mation-Theoretic
Estimates

A thesissubmittedin partial fulfillment of the
requirementor the degreeof Bachelorof
Sciencewith Honorsin Physicsrom the College
of William andMary in Virginia,

by

Andrew Davis

Acceptedfor
(Honors,High Honorsor HighestHonors)

Advisor: Dr. EugeneTragy

Dr. Keith Griffioen

Dr. Zia-ur Rahman

Williamshburg, Virginia
May 2002



Abstract

An analysisof mutualinformationandtransferentrofy asmeasuresf correlation
betweercoarse-grainesymbolictime seriess presentedI hemutualinformationand
transferentroy maybeusedto measurdghe correlationbetweertime series.Because
of budgetor responseate limits, or dueto the natureof the system,the datato be
analyzeds oftenrestrictedto shortsequencesf coarse-grainetime-serieglata.Due
to the limitations on the data,the measureatorrelationvaluesare not expectedto be
theactualcorrelationvaluefor the system.A methodof studyingthe deviationsfrom
theactualvaluesis demonstratedaswell ascalculationof the mutualinformationfor

severaldifferentsystems.
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Thisstormwill be magnificent. All the electrical se-
cretsof Heaven Andthistimewe're ready ehFritz?

—Dr. Victor Frankenstein

1 Introduction

Thedramaticimprovementof micronandsub-microndigital computerdevicesin the past
twenty yearshasled to a renaved interestin coarse-grainedymbolictime-series.As far
backas1965,GordonMoore[1] obseredthatthe compleity of the minimum-coststate-
of-the-artintegratedcircuit seemgo doubleroughlyevery yearto eighteermonths.Moore
predictedthat this trend would continuethrough1975, but for at leastone manufcturer
[2], this trendhascontinuedto the presentday, resultingin extremelypowerful, low-cost
microprocessorBecauseahe currentcrop of microprocessorsfferssuchahigh degreeof
computingpower in a small, lightweight, inexpensve product,they arefinding their way
into mary differentproducts.

Making anobject“smart” by implantingit with a microscopiadigital logic andcontrol
systemallows designergreatcreatve freedom.They canincreaseéhe numberof features
offeredin adevice, while atthe sametime reducingweightby eliminatingbulky mechani-
calcontrolsystemsThey canalsoimprovethesafetyandreliability of adevice by allowing
it to diagnoseandevencorrectits own failures.To thatend,mary intelligentdevicesincor-
poratevarioussensoisystemghatreturndatato the microprocessosothatthe device may
analyzeits operation. By virtue of the factthatthe logic of mostprocessorss driven by
somesortof clocking mechanismat somepoint all of the sensordatamustbe converted

into somekind of symbolictime-series.



However, theneedfor smartdevicesto makerapiddecisiongplacedimits ontheamount
of datathe canbe collected,andthe time that canbe affordedto processt. In mary in-
stancesa split-secondiecisionaboutthe stateof a systemis neededn orderto insureits
safeoperation.It may not be possiblewith ary sensorsto collectmary datapointsfrom
which to make a predictionaboutthe systems future state.For example,plasmainstabil-
ities in a fusion reactorcould causea catastrophidailure of the systemunlessdiagnosed
andcorrectedquickly. Sincethetime scalefor plasmainstabilitiesis measuredn millisec-
onds,the diagnosticroutinemay not have time to collectalarge numberof datapointsfor
analysisprior to having to make a decisionon whetheror notaninstability is present.This
problemis exacerbated thesystems statisticalcharactechange®vertime;thatis, if the
systemis non-stationary Shoulda systembe non-stationarytheremay be constraintson
theamountof previously collecteddatathatremainsvalid asthe statisticalcharacteof the
systemevolves.

Along with time constraints budgetaryconstraintsalso placelimits on the types of
sensingandprocessingquipmenthatcanbeusedin a particularapplication.Because¢he
signalsusedby a computermustbe discreteandfinite, they mustbe corvertedfrom their
real-world, analogvalues.While a top of theline sensoisystemmight be ableto reporta
wide rangeof valueswith mary smallstepsin betweerapproximatinga continuoussetof
valuesit is oftennotfeasibleto putthebestsensorsn adevice without pricingit outsideof
therangeof comparablenodels.However, alesscostlysensomightonly beableto report
avery limited setof states As aresultthe datasuppliedby thesdesscostly sensorss very
coarse-grainedUsing detectorghatreportonly a limited numberof statesmayalsobe a

designdecision.Sensorghatreportonly a few possiblestatesaremorelik ely to berobust



againsnoiseeffects,which maybeanimportantconsideratiorif thesensorsreto beused
in a hostileervironment. Systemmemoryis alsoexpensve. By reducingthe amountof
memoryavailableto savze mongy, theamountof memoryto storethe pasthistory of datais
alsoreduced]imiting theability of the predictve systems.
Oncedatahasbeencollectedby the system,sometype of analysisneedsto be per
formed. Many commonanalytical techniquesneasureinformation theoreticquantities
suchas informationflow within a system. The objectve of this projectwasto explore
how theselimitations affect the performanceof variousinformationtheoreticcalculations

whenthey aresuppliedwith short-lengthcoarse-grainedime-serieslata.

1.1 TimeSeries

Time seriesdatawas usedextensvely in this project,so a quick review of the properties
of time seriesdatawill be usefulto help with interpretingthe results. The mostgeneral
descriptionof time seriess a sequencef time orderedobsenationsof somesystem.Con-
sider making a recordingof somemusic and storingit on a compactdisc. Music is a
continuousanalog,real-world processeswhile informationstoredon a CD is digital and
finite. In orderstorethe musicon the CD, the musicis corvertedinto a digital time series.
At fixed intervals, (near)instantaneousneasurementsf the music’s intensity are made.
This may be accomplishedy usinga microphoneto corvert the musicinto an electrical
signal,and measuringof the voltageof the signal. The intervals betweenmeasurements
arerelatedto the accurayg of the time seriesasa representationf the measuregrocess.

Theshortertheinterval betweermeasurementshe bettertherepresentatiorut thelarger



the time series. Thesemeasurementarethendiscretized:they are corvertedto oneof a
finite numberof digital valuesor symbols. The granularityof a time seriesobsenation
is relatedto how mary possiblestateseachelement(measurementi the seriesmay be
selectedrom. The granularityis alsorelatedto accurag. Increasinghe numberof states
from whichameasurememaybeselectedmprovestheaccurag of thetime seriesepre-
sentationput it alsoincreaseshe amountof informationrequiredto storethe time series.
For acompactisc,asinglesamplemaybeoneof 216 = 65536valueswhichis arelatively
fine-grainebsenation. This projectdealtwith representationsf time serieshatwereex-
tremelylimited in the numberof elementgymeasurementgndextremelycoarse-grained,

with eachelementhaving only oneof two possiblevalues.

1.2 Probability

In orderto understandomeof the computationghatwereperformedfor this project,it is
usefulto review someof the basicsymbologyandterminologyusedin the discussiorof
probability [3]. The probability per obsenation eventthat somevaluex occursis written
asp(x). The quantityx may denotearnything of interest. A commonexampleis the value
thatcomesup on athrown die. The probability of rolling a six on onethrow of a standard
six-sideddie, p(6), is 1/6. Anotherexampleis the chanceof winning a prizein alottery.
Many lottery ticketshave a statemenbn the backlisting the probabilitiesof winning the
variousprizes. For example,at the time of writing, one“Pick 4” lottery [4] stateshatthe
probability of winning thejackpot, p(jadkpat), is 1/10000.

Probabilitiesmay be addedtogether This is equivalentto performinga logical “OR”



operation:Whatis the probability of event1 happenindOR event2 happening¥or exam-
ple, considempurchasingwo “Pick 4” lottery tickets. Thenthe probability of winning with
the first ticket would be 1/10000,and the probability of winning with the secondticket
would alsobe 1/10000.Sothetotal chanceof winning with eitherthefirst OR the second
ticketwould be

1 1 2 1

10000 10000 10000 5000

1)
Or, with the exampleof rolling dice, supposea six-sidedanda twenty-sideddie arecast.

The probability of rolling a six on eitherthefirst OR the secondlie would be

1 1 13
2076~ 60 (2)

Probabilitiesmay be multiplied together This is equialentto performinga logical
“AND” operations:Whatis the probability of event1 AND event2 happening?This is
oneway to computethe chanceof winning a “Pick 4” game. Oneway to think of it is
the chanceof selectingonefour-digit numberfrom all possiblefour-digit numberg0000-
9999). Sincetherearetenthousandour-digit numbersthe chanceof picking onemustbe
1/10000. However, this probability may be looked uponasthe the probability of picking
a particularcombinationof one-digitnumberg0-9). Thereareten one-digitnumbersso
the chancef picking thecorrectoneare1/10. Pickingthefirst andsecondandthird and

fourthnumberscorrectlymaybewrittenas

pa) - pe)poe) o) = (15) (35) (35) (35) 10000~ @

Or, with the dice example,whatis the probability of rolling a six on both a twenty- AND

1 1 1
(%) (é) = 120 )

six-sideddie? It would be



Notationally the probability of severaleventsoccurringis calleda joint probability, andis
writtenasp(x,y). Thisis readas“The probability of eventsx andy occurringis p(X,y)".
The joint probability describedabove assumeshat events1 and 2 are unrelatedwith
eachother Thatis, eventsl and?2 aresaidto be“independent”.As an example,consider
patronsin a movie theaterbuying itemsfrom the concessiorstand. On a givenday, 80%
of the patronspurchasgust popcornwhile only 20% purchasgust a soda.lf popcornand
sodapurchasesvereindependantf eachother thanthe expectedjoint probability of a

patronpurchasingothpopcornanda sodawould be

p(popcom, soda) = p(popcom) - p(soda) = (0.8)(0.2) = 0.16 (5)

However, supposédhetheaterownersobsene thatthereis actuallya 40% chanceof a
patronpurchasingboth popcornanda soda.This valueis differentthanthe expectedoint
probability, sopopcornandsodapurchasingnustberelatedio eachother Thetwo events
aresaidto be “dependent’on eachother Usingthe known probability p(x) of eventx
occurringandthejoint probability p(x, y) of thesameeventx andanothereventy ocurring,

therelationshipbetweery on x maybe computedas

= p(y[x) (6)

wherep(y|x) is known asthe “conditional probability”. p(y|x) is interpretedasthe prob-
ability thateventy will occurgiventhat eventx hasalreadyoccurred Usingthe theater
example,the conditionalprobability thata patronwill purchasesodagiventhatthey have

purchasegbopcornis

p(popcom, soda)  0.40
p(popcom)  0.80

p(soda popcom) = =0.50 (7)

6



Sothereis 50% chancehata patronwho purchasepopcornwill thenbuy asoda.
Mathematicallyeventy is saidto beindependenof eventx if p(y|x) = p(y). Applying

thisto Equation6 leadsto theidentity

P(x,Y) = p(Yx) - p(X) = p(y) - p(X) (8)

if two eventsareknown to beindependentThis relationdoesnot hold if oneof the events
depend®n the completionof the otherin someway.

For mary systemsthefull rangeof outcomesds unknowvn. Theremay be several out-
comesthatarenot known to exist, or their probability of occurrencenay not be character
ized. Thiswould belike having a die wherenot all of the sideswerevisible. This project
investigatedsystemswherethe probabilitiesof all outcomeswvereknown. Thatis, there
was a probability p(x) associatedvith every outcomeor possiblevalueof x for the sys-
tem. Becausdhesesystemswvererequiredto do somethingandtherewere no unknown

outcomesor probabilities the sumover all probabilitieswasequalto one, 5, p(x) = 1.

1.3 Information Theory

Althoughinformationtheoryhasearly rootsin late 1gth Centurystatisticaltheory it was
thepublicationof C. E. Shannors paper{5] in 1948thatfirmly establishedt asascientific
discipline. Informationtheoryis basedupontheideathatobsenationsof a systemshould
give the obserer someinformation aboutthe system. If mary obserationsof a system
were madeandeachobsenation returnedthe sameresult,thenthe obsenationsafter the
first onewould notyield any new information.But if differentvalueswerereturnedor the

subsequenvbsenations,that would be new informationaboutthe systemandwould be



useful.

Considersomedynamicalsystemfor which all potentialoutcomedor arny obsenation
areknown. Supposenary obsenationsweremadeon the systemwith recordskeptcon-
cerninghow mary outcomesf eachtype wereobsened. Perhapghe possibleoutcomes
for the systemwereUp, Yellow, and Christmadree,andfour Ups, two Yellows, andone
Christmagreewereobsenedfor atotal of sevenobsenations. The probability of seeing
eachevent may be computed. For this example,that would be a 4/7 = 57% chanceof
seeingan Up, a 2/7 = 29% chanceof seeinga Yellow, andonly a 1/7 = 14% chanceof
seeinga Christmastree (andall the probabilitiesmustadd up to 100% sincethere must
have beensomeresultfor eachobsenation).

Basedon intuitive aguments,one would supposethat outcomeswhich happenless
frequentlywouldyield moreinformationabouta system.Supposenary obsenationswere
madeof somesystem.If the resultsof the subsequenbbsenationswereidenticalto the
first obsenation,thenthe additionalobsenationswould not seento be providing ary new
informationaboutthe system.However, if afew of thoseobsenationsreturneddifferent
valuesthenthoserarevalueswould seento beproviding new information(perhapsherare
valuesrepresentedhangesn the stateof the system).Using severalaguments Shannon
demonstratethattheadditionalinformationcorveyedby anobsenationis proportionalto
thenegative logarithmof the probability of seeingthe particularoutcome Mathematically

theinformationof a particulareventx is written as

1(x) = —loga(p(x)) (9)

wherex is anindex over all possibleoutcomesand p(x) is the probability of seeingeach



Obsenation Number| Probability | Information(DecimalDigits)

Up 4 0.57 —log;((0.57) = 0.24
Yellow 2 0.29 —log;((0.29) = 0.54
Christmadree | 1 0.14 —log;4(0.14) = 0.85

Tablel: Up/Yellow/Christmadreelnformation

outcomex. The positiveintegera is the baseof thelogarithm,but it alsohasa moresubtle
interpretation.It is possibleto show the informationfor a particulareventis the number
of digits thatwould berequiredto representhe eventin a numericalbase wherethe base
of thelogarithmis the baseof the numbersystemfor the digits. Table1 showvs theresults
of theinformationcalculationdor the Up/Yellow/Christmadreeexample.Basedon these
values,it would take at least0.85 decimaldigits to representa Christmastreevaluein a
sequencef obsenations,but only 0.24decimaldigits to represenanUp value.

This examplemay be corvertedto binary. Sincebinaryis a base-2nhumberingsystem,
thelog; o valuesfor informationmustbe corvertedinto log, values. This may be accom-
plishedby dividing the the decimalinformation valuesby log,y(2) = 0.30103. Table 2
shavsthebinaryinformationvalues.Fromthetable,it would take 2.82binarydigits (bits)
to represena Christmadreeversus).79bits for an Up obsenation.

Givenalong sequenc®f Up/Yellow/Christmasreeobsenations,it is possibleto de-
terminethe average or expected numberof digits requiredto represeneachobsenation

in thesequenceThis value,calledthe ShannorEntropyandwritten asH, may be defined



Obsenation DecimalDigits | Binary Digits

Up 0.24 0.24/0.30103= 0.79
Yellow 0.54 0.54/0.30103=1.79
Christmadree | 0.85 0.85/0.30103= 2.82

Table2: Binary InformationValues

usingEquation9 as

H=(1(x)} =3 p(X)I(x) == p(x)loga(p(X)) (10)

X X
It is sumof the numberof bits of informationassociatedvith eachpossibleobsenation
(1(x)) multiplied by the probability p(x) of seeingthat symbolin the string. Along with
beingtheexpectechumberof digits requiredto represenanobsenation,Shannorwasalso
ableto show thatH is the minimumnumberof digits requiredto represenan obsenation.
Usingthe Up/Yellow/Christmadreeexample the ShannorEntropy (computedwith binary

entrofy values)is

H =~ p(x)logy(p(x)) = 0.79 (;) +1.79 <§> +2.82 (%) =137 (11

X
For example,supposeheneedexistedto transmitasequencef obsenationsto another
researcherThetransmissiomrmight be accomplishedyy corvertingthe sequencef obser
vationsto asequencesf bits, andtransmittingthebits. Oneway to performtheconversion
would beto representeachsymbolasa two bit number This shouldbe acceptablesince
atwo bit numbermay have four possiblevalues,andthereareonly threesymbols.Define

E(x) suchthatE returnsthenumberof bits usedto represenbbsenationx. Then,with this

10



scheme

(E(x)) =3 POOEMX) =23 p(x) = (2)(1) =2 (12)

sinceeachsymbolusesexactly two bits andthetotal probability of all symbolsis 1. How-

ever, comparingthis with H, the minimumnumberof bits requiredfor thetransmissioni,

shawvsthatthis encodingschemas inefficient. Obsere that
(E(x)) —(I(x)) =2—-1.37=0.63 (13)

indicatedthat,on average 0.63 bits morethannecessargreusedto transmiteachsymbol.
Thisis almosta 50%excess.

It is possibleto improve theefficiency by selecteda differentcornversionschemeSince
Up occurswith agreatefrequeng, it mightbe possibleto reducghenumberof wastedits
by representindJp with onebit insteadof two. Let Up berepresentedby bit ‘0’, Yellow
by bits ‘10", andChristmadreeberepresentetly bits‘11’. Theaveragenumberof bits for

this encodingschemas

(E(x)) = Z P(X)E(X) = (;) 1+ <$> 2+ <%) 2=143 (14)

X
By letting Up berepresentetby only onebit, the excessnumberof bits usedin thetrans-
missionis reducedo 1.43— 1.37 = 0.06 bits, a ten-fold improvementin efficiency. It is
importantto notethatbecauséd represents lower bound,no matterwhatcodingscheme
isused

(E(9) = H (15)

Further (E(x)) = H only if p(x) = a~/ for all x, wherea is the baseof thelogarithmused

to computeH and | is a positive integer.

11



1.4 Mutual Information

Usingthe Shannorentropy, it is possibleto definea quantityM calledthe mutualinforma-
tion. Supposeherearetwo systemsgachof which generatesvents.Let the probability of
two events,onefrom eachsystembedescribedy p(x,y). Thenthe Shannorentropy for

thetwo systemswould, in generalpe

= p(x,y)log(p(x,y)) (16)
2

However, if the systemsare independenbf eachother as definedin Section1.2, then

p(X,y) = p(X) - p(y), andthe Shannorentrogy would be

— > P(x,y)log(p(X) p(Y)) (17)
Xy

Here, the probability p(x) - p(y) hassimply beensubstitutednsidethe logarithmexpres-
sion. Thisis exactlythesamehingthatwasdonein theUp/Yellow/Christmagdreeexample,
wheredifferentprobability/informationvalueswere substitutednto the Shannorentrogy
calculations.

Now, supposeH; is subtractedrom Ha. This is exactly the sameasthe computations
performedto find the numberof wastedbits incurredfrom not usingthe preciseShannon

entropy values.

H—Hp = — Z p(x,y) log(p(X) p(y)) + Z p(x,y)log(p(x,y)) (18)
= Y p(x.y)[log(p(x,y)) — log(p(X) p(y))] (19)
X,y
_ P(%,Y)
= g P <<><>> (20)

The reducedequationrepresentshe numberof extra bits that are requiredto represent

the outputof the two systemsasthoughthey wereindependenasopposedo their actual

12



relationshipIf thesystemsactuallyareindependendf eachother thenthevalueof Ho — H;
will equalzero. Otherwise,if the systemsaresomehav correlatedor dependenbn each
other thenH, — H1 will be a non-zeropositive realnumber The valueH; — Hy is known
asthe mutualinformation

As an example, supposehereare two systems,1 and 2, eachof which generatesa
sequencef onesand zerosas shavn belon. Nothingis known abouthow the systems

generatedhe sequences.

System 1: 1110110100110011101101

System 2: 1010101011011011011001

The mutualinformation calculationmay be appliedto the outputof thesesystemgo see
if they arecorrelated.First, countthe numberof zerosandonesin the outputfrom each

system.

p(0) = 8/22 =0.364 (21)
p(ly) = 14/22 =0.636 (22)
p(0p) = 9/22 =0.410 (23)
p(lp) = 13/22 =0.590 (24)

Thesubscriptsndicatewhich measuremens associateavith which system.Now take the
pairsof numberspnefrom eachsystemandcountthe differenttypesof pairs. The datais

written below with somespacedgo try andhighlight the pairsof numbers.

System 1: 1110110100110011101101

System 22 1010101011011011011001

13



p(01,02) = 3/22 =0.136 (25)

p(01,1,) = 5/22 =0.227 (26)
p(11,0,) = 6/22 =0.273 (27)
p(11,1,) = 8/22 =0.364 (28)

Using theseprobability values,it is easyto computethe mutual information associated
with the two systemdor the above data(Base-terlogarithmsareusedto make it easyto

double-check).

0.136 0.227
0.273 0.364
+0.273l0g <0.636- o.410> +0.364l0g <O.636- o.590> (30)
= 6.08x10°* (31)

Sincethe mutualinformationis nonzerothesesystemsarein someway dependenon
eachother Onemight supposeahatbecause¢he mutualinformationis sucha smallvalue,
thatthesesystemsareonly very weakly coupled. This might be the case but becauséhe
lengthsof the sequencesf onesandzerosareso small,thereis no way to know for sure.
This valueof the mutualinformationmight be closeto theactualmutualinformationvalue
for thesystem.lt couldrepresenanextremelyhigh valuefor two systemghatarecoupled
in anextremelyweakfashion.Or it couldrepresenanunusuallylow valuefor two systems
thatareactuallyvery stronglycoupled. One of the goalsof this projectwasto determine
how accuratelythe mutualinformationof shortlengthsof symbolsrepresents population

mutualinformationvalue.

14



1.5 Transfer Entropy

Therearea few problemswith mutualinformationasa usefulmeasuref correlation.One
is thatin the givenform, the mutualinformationis not very effective at predictingfuture
eventsfrom currentdata. Oneremedyis to time-shift one of the variables. In the given
form, the mutualinformationis evaluatedwith simultaneousbsenationsof Systemsl
and2. Whenoneof thevariabless time shifted,it might bethatthe mutualinformationis
evaluatedwith the currentobsenedvalueof Systeml, but with the valueof Systen?2 that
wasobsenredfive time-stepsago.

Anotherdifficulty with themutualinformationis thatit doesnotindicatewhichwaythe
informationis flowing, or which systemis driving which. Again, this may beremediedoy
time shifting oneof thevariables.Thenit is possibleto reasorthatbecaus¢heearlierevent
occurredprior to thelaterone,the earliereventmustbedriving thelaterone.As Schreiber
[6] notes, thisis a“somevhatad hocway” of introducinga senseof directionality

In his paper[6], Schreiberdescribesa new measureof statisticalcorrelationhe calls
thetransferentropy. It is basedn principlessimilar to the mutualinformation,but instead
of beingderiveddirectly from the Shannorentropy, it is basedon ratesof entropy change.
Thereforeit cancapturesomeof the dynamicsof a system.

Supposeasbefore,therearetwo systemsgachof which generategvents.In general,
we may definean entrogy rate (which is the amountof additionalinformationrequiredto
representhe value of the next obsenation of oneof the systems)n termsof both of the

systemsasfollows,

h1=—"% P(Xn1,Xn,Yn) 10Ga P(Xn+1[%n, Yn) (32)
Xnt+1

15



wherex andy representhetwo systemsy; is thevalueof systeml attimen, y, is thevalue
of system2 attime n, andx,. 1 is the valueof systeml attime n+ 1. Supposehowever,
thatthe valueof obserationx, .1 wasnot at all dependenbn the currentobsenationy,

then
P(Xn+1/%n,Yn) = P(Xn+1[%n) (33)

This maybe substitutednto hz, resultingin

ha= =% P(Xn11,Xn, Yn) 10Ga P(Xnt-1/%n) (34)
Xn+1

In the mutualinformationcalculationsthe Shannorentropy for two systemavaseval-
uatedasthoughthe systemswere independentand from this was subtractedhe correct
Shannorentropy for the two systemdo determinethe mutualinformationvalue. A sim-
ilar operationmay be performedhere. The quantityh; representshe entropy ratefor the
two systemsandh, representshe entropy rateassuminghatx, 1 is independenof y;.

Subtractinghemyields

ho—h1 = — % p(Xn1,%n, Yn) 10Ga P(Xnt-1%n) (35)

Xn+1,Xn,Yn

+ > P(Xnt1,%n;Yn) 10Ga P(Xnt1[Xn, Yn)

Xn+1,Xn,Yn

p(xn+1‘xn7yn)> (36)

= Xn1-1,Xn, Yn) lO
Z p( n+1 nyn) ga( p(XI’H—l‘Xn)

Xn+1,%n,Yn

whichis whatSchreiberalledhistransferentropy. It is writtenasT;_,;. Notethatthereare
actuallytwo equationdor thetransferentropy because¢hetransferentropy hasaninherent

asymmetryto it.

p(xn-l—1|xn7 yﬂ) >
T = Xn+1s Xn, lo <— 37
7 Xn+1:zxn,Yn (i1, Yo} log P(Xn+1/%n) (37)
P(Ynt1/%n, Yn) >
T = , Xn, IO (_ 38
- yn+1§n,yn p(ym_l yn) J p(Yn+1\Yn) ( )
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Equation37is concerneavith predictingthe (n+ 1)th symbolfor stringi, whereagquation
38dealswith predictingthe (n+ l)th symbolfor string j. Thisis differentfrom themutual
information, which only shows the total amountof information moving betweenthe two
systemsThetransferentropy is alsoinherently'predictive’ becausét directlyincorporates
relationshipdbetweerthen andn+ 1 symbolsin a string.

Usingthe samesetof dataaswasusedfor the mutualinformationcalculation,a trans-
fer entropy calculationmaybe performed.However, insteadof usingthe above equations,
two slightly differentequationswill be used. Using the definitionsof conditionalprob-
ability from Section1.2, the substitutionsp(Xn+1|Xn,¥n) = P(Xn+1,%n,Yn)/P(%n,Yn) and
P(Xn+1%n) = P(Xn+1,%n)/ P(Xn) May be performedon T;_,;. Similar transformationsap-

ply to the T, _,; equation With thesesubstitutionstheseequationdecome

P(Xnt-1, Xn, Yn) - p(xn))
T = Xn+1, Xn, Yn) 10 ( 39
! Xn+1azxn’yn p< i yn) J p(Xn yﬂ) (Xn—l—l,xn) ( )
P(Yn+1,%n; Yn) - p(yn))
Ti = » Xn,Yn) 1o 40
- yn+1azxn7yn p(yn+1 " yn) J ( p(Xn yn) (yn-l—laYn) ( )

Hereis acopy of thedatato beanalyzed.

System 1: 1110110100110011101101

System 22 1010101011011011011001

Thiswill bethecalculationfor T;_,,. Firstdeterminep(Xn+1,Xn, Yn)-

P(Ox, Ox,0y) = 0.0 (41)
p(0x, 0, 1)) = 0.0952381 (42)
p(0y,1x,0y) = 0.190476 (43)
p(Ox,1x,1y) = 0.0952381 (44)



p(1,0,,0,) = 0.142857 (45)

p(1c1x,0,) = 0.0952381 (47)

Note that the subscriptan the probabilitiesindicatewhich systemeachof the valuesis

takenfrom. Now calculatep(Xn+1,Xn)

p(0,0) = 0.0952381 (49)
p(0,1) = 0.285714 (50)
p(1,0) = 0.285714 (51)
p(1,1) = 0.333333 (52)

Finally, we computep(Xn, yn) and p(x).

p(0,0) = 0.136364 (53)
p(0,1) = 0.227273 (54)
p(1,0) = 0.272727 (55)
p(1,1) = 0.363636 (56)
p(0) = 0.363636 (57)
p(1) = 0.636364 (58)

EvaluatingT;_,; with theseprobability valuesanda log baseof 10 yields T;_,; = 0.0440.

A similar computationmay be performedfor T,_,; with the resultT,_,; = 0.0113. This
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is interpretedassystemJ adding0.0440digits of predictabilityto systeml, andsysteml

adding0.0113digits of predictabilityto J.

2 Prior Work

A substantiabmountof work hasalreadybeendoneon coarse-grainetime seriesdata
and measuringcorrelationswithin them. In 1980 KedempublishedBinary Time Series
[7] which provided an extensie treatmenif the propertiesof binarytime seriesdata,in-
cluding non-information-theoretimethodsof measuringcorrelationandpredictingfuture
valuesin suchseries WentianLi’ s 1989papettitied “Mutual InformationFunctionsversus
CorrelationFunctions”[8] derived an exact relationshipbetweenthe mutualinformation
functionM(d) andthe correlationfunctionI” (d) for binarytime series.Li alsodiscussed
theeffectsof finite samplesizeonthecorrelationreturnedby the mutualinformationfunc-
tion. More recentlypapersby Herzeland Grol3e[9] and BenedettoCaglioti, andLoreto
[10] have discussedheapplicationof informationtheoreticanalysismethodgo othertypes
of coarse-grairseries.HerzelandGrol3euseDNA strandsastheir data,while Benedetto,
Caglioti,andLoretoanalyzedandclassifiedwritten languages.

Finally, Mark Roulston[11] generatedtatisticaldatabasedon several probability dis-
tributions,andanalyzedhedeviation of the Shannorentrofy of theresultingdatafrom the
expectedvaluesbasedon the probability distributions. This experimentwassimilar to the
one performedin this project, exceptthat hereotherinformationtheoreticmeasurewill
be usedinsteadof the Shannorentrogy. Also, Roulstonusedrelatively large series(sets

of 100and1000datapoints)for his calculations.This projectwill explore serieswith ten
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elementsor fewer.

3 TheNumerical Experiments

Thereweretwo goalsfor this project. The first wasto evaluatethe mutualinformationas
ameasuref statisticalcorrelationbetweershort,coarse-grainetimesseries.This wasto

beaccomplishedy observinghedeviation of themutualinformationfrom someexpected
valueasthe numberof symbolsusedto computethe mutualinformationdecreasedThe
secondjoalwasto evaluatethetransferentropy asameasuref statisticalcorrelationunder

the sameconditions.Thesetaskswereto be performedoy a computerprogram.

3.1 TheSystems

In orderto evaluatethemutualinformationandtransferentropy asmeasuresf correlation,
away of generatingoairsof coupledtime serieswasrequired. The decisionwas madeto
usefirst-orderMarkov processes$o generatehe time series. Thereweretwo reasondor
this choice. Thefirst wasthatthe propertiesof Markov processebave beencharacterized
andthey arewell understood.The secondwvasthat becausehe testsfor this projectwere
to be performedby computationakimulation, it would be usefulto usealgorithmsthat
would be easyto simulateanddehug. Markov processearerelatively easyto simulateand
maintain.

Although Markov processesre well characterizedan importantcomponentof this
projectwasto characterizéhemfrom aninformationtheoreticpoint of view. To determine

how far off a measureof correlationis from someexpectedvalue,one needsto have the
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expectedvalueto compare.For the measure®f correlationconsideredn the project,that
expectedvaluewould bethevalueof thecorrelationmeasureappliedto two verylongtime
series.Cornveniently mary of thelong-termstatisticalpropertiesof the outputof a Markov
processmay be determinedrom the processtself, without generatingong sequencesf
outputs. For example,the probability distribution of the symbolsin along outputmay be
found by computingthe eigervector of the transitionmatrix for the Markov process.A
large portion of the work for this projectwentto developingalgorithmsto extract from
the Markov processeshe long-term,or “population”, valuesof the variousmeasure®f
correlation. Hand-in-handwith this characterizationywork wasdoneto parameterizéhe
Markov processeso allow the correlationbetweenthe two outputsequenceto be varied
in a controlledfashion.

The outputof the Markov processesisedin this projectweretwo sequencesf binary
symbols.Thesearethe two artificial time series.It wasdecidedthatthe sequencewould
be binary (asopposedo someothercoarse-grainingsuchasa threeor four statesystem)
for two reasons.One, Kedem[7] andLi [8] had alreadydone substantialwork on the
propertief binarytime seriessotheir propertiesverealreadyunderstoodTwo, because
this projectwas concernedn part with measuringdeviations due to coarse-grainingit
was believed that selectingthe coarsesgraining possiblewould enhancearny obserable
effects.Eachof thesequencess of the samdength,calledthe“window size”,anddenoted
by the parametemw. As anexample,considerthe sequencesf onesandzerosusedfor the
calculationan Sectionsl.4and1.5. Thesearetwo binary sequencegndthewindow size
for the pair, w, equals22. As anotherexample,considerTable3. Here,x andy represent

the two differentbinary sequencesEachelementof eachsequencenay be a zeroor a
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kjio1l12 .. n .. (w=1)

x||1 01 .. {01 ... 1

ylo11 ... {01 ... o0

Table3: Anotherexampleof atime series

one. The particularelementf eachsequencenay bereferencedy the variablen where

0O<n<w. InTable3,x; =0andyy_1=0.

3.2 Mutual Information

The Markov modelfor the mutualinformationwasrelatively easyto construct.Recallthe
definition of the mutualinformationfrom Section1.4. Usingthe index n introducedin

Table3, this definitionmayberewritten as

p( n)
M= %px”y” o (2 (59)

Notice thatthe mutualinformationonly dependn p(Xn, Yn), P(Xn), and p(yn), wherex,
andy, areelement®f thetwo time seriesx andy. Obsene thatbecauseeroandoneare

theonly valuesthatmayappeaiin eitherx andy, thereexiststhe equalities

P(Ox, Oy) + p(Ox, 1y) = p(0y) (60)
P(1x; Oy) + P(1x, 1y) = p(1x) (61)
P(Ox, Oy) + P(1x, 0y) = p(0y) (62)
P(Ox, 1y) + p(1x, 1y) = p(1y) (63)
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p(1X7OY) p(1X7 1)’) _p(lx)

—p(0y) | —p(ly) 1

Table4: StaticProbabilityTablefor theMutual Information. Thesubscriptsndicatewhich

systemis contribtuting which symbolto the probabilities.

Further

P(Ox) +p(1x) =1 (64)

p(0y) +p(ly) =1 (65)

Also, it may be seenthatthe value of the mutualinformationdoesnot dependon the
orderof the pairs(xn, yn). Any two pairsmay swap positionwithout changingthe mutual
informationbetweerthe two series.Becausdhe mutualinformationis not dependentn
theorderof the symbols,it doesnot encodeary of the dynamicsof the system.Therefore,
insteadof representinghe Markov procesdor this systemwith atransitionmatrix, it may
be representeds a table of relationshipshetweenstatic probability valuesas shavn in
Table4, wherethe sumof the elementsof any row or columnis zero. Note thatalthough
certainprobabilitiesappeain anegativeform in thistable,the probabilitiesthemselesare
not negative; all probabilitiesare positive. They appealin a negative form in this tableto
demonstrat¢herelationshipdetweerthevalues.

Using theserelationshipsijt is straightforvard to computethe mutualinformation of
a time series. First, initialize all of the joint probabilitiesto zero,andthenfor eachpair

(Xn,Yn) in thetime seriesaddoneto the appropriatgoint probability entry. Whenall the
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pointshave beerreadin, divide eachjoint probabilityby thetotalnumberof pairsof points,
w. Theneachjoint probabilityis exactly the probability of that pair of symbolsoccurring
in thetime seriesandthe probabilityof any particularsymboloccurringin anarraymaybe
solvedfor usingthe equalities.Oncethatis done,all thatremainsis to evaluateEquation
59 usingthevaluesspecifiedn thetable.

Creatinga modelto generatdime serieswith a particularmutualinformationwasalso
relatively straightforvard. Giventhe above relationshipsthe usercould have beenaslked
to supplythe variousvaluesof the probabilities,thus generatinga modelwith a specific
mutualinformation. Eventhoughthereare eight variablesin the probability matrix, only
threeof themarefreeparametersThisstill providesfor alargenumberof differenttypesof
matricesto betested.In orderto reducethe numberof calculationstwo furtherconstraints
wereplacedontheusermodel. Thefirst constraintwasthateachof theindividual symbols

mustoccurwith equalfrequeng.

1

p(@) = p(b) = p(c) = p(d) = 5 (66)

The secondconstraintdefinedp(0x, Oy) to bey/2, wherey is afree, real-valuedparameter

which may rangefrom 0.0to 1.0. Solvingthe equalitiesresultsin the joint probabilities

thathave thevalues
P(0,0) = 3 (67)
POy = T (69
P(1x,0y) = 1%\’ (69)
p(Lely) = 3 (70)

Theseequationsnayalsorepresenteth atableformat,asshovn in Table5.
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/2 |(1-y)/2|-1/2
(1-y/2| vy/2 |-1/2

~1/2 | -1/2 | 1

Table5: ConstrainedVutual InformationStaticProbability Table

Theseconstraindimit thenumberof free parametere the modelto justone,y. How-
ever, even thoughit only hasone parameterthe model coversa full rangeof possible
mutualinformationvalues.If y= 0.0, thenonly symbolcombinationg 0y, 1y) and (1, Oy)
will have non-zeroprobabilitiesof occurring. Corversely if y= 1.0, thenonly symbol
combinations 0y, 0y) and(1y,1y) will occut In bothof thesecasesthe mutualinforma-
tion valuescomputedfrom the model are equal, with a value M = 1.0 when computed
usinglog,. In addition,if y= 0.5, thenall combinationsareassignedhe sameprobability
of occurring,p = 0.25, andM = 0.0. Further since0x and0, canbe homomorphically
transformedo 1, and 1, respectrely, the mutual informationfor this systemshouldbe
distributedsymmetricallyaroundy = 0.5 asy: 0.0 — 1.0.

While this modelrepresentea very corvenientparameterizatioof the mutualinfor-
mation calculations therewas one problem. The all of the entriesin the table are static
probability values,andit proved impracticalto generatedynamictime seriesfrom these
staticvalues. Instead,an ensembleof time seriesof someuserspecifiedwindow sizew
was generated.Eachrealizationof the ensemblewvas one of the pairs of time seriesas
shavn in Table3 with lengthw. Theentireensembleonsistedf all possiblecombination
of onesandzerosfor eachof the time series. For eachmemberof the ensemblejt was

possibleto computethe mutualinformationasdetailedabove. Basedon the userspecified
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valuefor y, aMarkov probabilitytablewasgeneratedOnly onevalueof y wasusedfor the
entireensemble Obsene thatthe probability of the modelgeneratinga particularpair of

time seriesx andy, p(x,y), maybecomputedas

w—1

wherep(Xn, yn) maybecomputedrom theuserspecifiedMarkov probability table.
Therefore for ary realizationof the ensemblethereexists a tuple (M, p), whereM is

is the mutual information computedfor the realization,and p is the probability that the

userspecifiedmodelwill generatehat particularrealization. Sincep(x,y) wasevaluated

for all themembersf theensemble

p(x,y) =1 (72)
X,y

Becausehe sumof the probabilitiesis one, it is possibleto generatea cumulatve distribu-
tion functionfrom the probabilitiesof the variousrealizationsof the ensemble Usingthe
cumulatve distribution, it is possibleto computethe 50%-ile of the mutualinformation.
Thatis, the valueof mutualinformationthatis greateror equalto the mutualinformation

of atleasthalf theensamble.

3.3 Transfer Entropy

DevisingaMarkov modelfrom whichtransferentrogy valuesmaybecomputedvasslight-
ly moredifficult thandevising the comparablematrix for the mutualinformation. Recall

Schreibers equationdor thetransferentropy (Equations37 and38)

p(xn+1|xn,yn)>

T = s My lo
Iol Z P(Xn+1, Xn, Yn) 9( 00 1%)

Xn+1,%n,Yn
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p(og(a Ogl‘OXa OY) p(og(v %‘Ox, 1y) p(og(u %‘ 1X7 OY) p(O;U O§/| 1X7 1y)
p(og(a 1§/‘OX3 OY) p(og(v 19‘0Xa 1y) p(og(a 19‘ 1Xa OY) p(og(a 1§/| 1Xa 1y)
p(]-;(v ng\ox’ Oy) (1;0 Oly‘OX7 1)’) (1§(a O{/‘lh Oy) p(1;<7 O§/|1Xa 1y)

(14(’ ‘OX OY) (1;(7 ‘OX7 1y) (1§(a ‘1X7 OY) (1;(7 |1X7 1y)

Table6: TransferEntropy TransitionMatrix (primedvaluesare from obserationn+ 1,

unprimedvaluesarefrom obsenationn)

p(yn+1|xn,yn))

Ty = 3 My lo
- 2 MW”“W)g<mwmw

Yn+1:Xn;Yn
Thesesquationgontainexplicit referenceso thethecurrentsetof obsenations(x,, yn) and
thefuturesetof obsenations(x1 1, ynr1)- Thereforeheseequationsanrecordsomeof the
dynamicsof whatis beingobsenred. As a consequencehe Markov modelfor the system
mustbe representeds a transitionmatrix. Thereare four possiblesetsof obsenations
thatmay be madeat time n: (O, Oy), (Ox,1y), (1x,0y), (1x,1y). Thesesamefour seriesof
obsenationsmay also be madeat time n+ 1. Thusthe Markov procesdor the transfer
entrofy may bedescribedy afour-by-four transitionmatrix shovn in Table6.

While thematrixin Table6 canproperlydescribeaMarkov procesgrom whichatrans-
fer entropy may be calculated,t is not the mostuseful presentatiorof the data. Instead,
supposesachconditionalprobability in the table was corvertedinto a four-elementjoint
probability by multiplying the conditional probability with an appropriatetwo-element
joint probability (usingthe relation p(a, b, c,d) = p(a,bjc,d) - p(c,d)). The resultwould

bethejoint probabilitymatrix shav in Table7.
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p(0%, 0, Ox, Oy)

p(O;o Ogla OX? 1y)

p(ogo O{/a Ix, Oy)

p(O;o %7 1X7 1y)

p(0, 1§, Ox, Oy)

p(og(a 1§/a OXa 1)’)

p(O;o 1§/a 1Xa Oy)

p(og(a 1§/v 1X, 1y)

P(L, 0, Ox, Oy)

p(1;(7 O§/7 OX7 1y)

p(]-;(a %a Ix, Oy)

p(]-;(, %7 1Xa 1y)

P(L 14 0x, Oy)

p(1;(7 1§/7 OX7 1y)

p(]-;(, 1§/a 1X7 Oy)

p(lg(a 1§/7 1Xa 1y)

Table7: TransferEntropy ProbabilityMatrix

RecallthatEquations39 and40

P(Xnt1, Xn, Yn) * p(xn))
T = Xn+1,%n, Yn) 10 (
! Xn+1azxn,Yn p< i yn) J p(Xn Yn) (Xn—l—l,xn)
P(Yn+1,%n; Yn) - p(yn))
Ti = ,Xn,Yn) lo
- Yn+1azxn7)/n p(yn+1 " yn) J ( p(Xn yﬂ) (yﬂ-l—layn)

wereamodifiedform of Schreibers transferentropy equationgrom whichall of thecondi-
tional probabilitieshadbeeneliminated.As thefollowing equationshaw, it is possibleto

computeall of thevaluesnecessaryo evaluateT;_,; from theprobabilityentriesin Table7.

p(C,0x,0y) = p(C, O, Ox, Oy) + p(C, 1y, Ox, Oy) (73)
p(C,0x,1y) = p(C,0f,0x 1y) + p(C, 1y, Ox, 1y) (74)
(0, 1x,0y) = p(C, 0, 1x, Oy) + p(C, 1y, 1x, Oy) (75)
P(C 1%, 1y) = P(0%, O, 1x, 1y) + p(0, 1y, 1x, 1y) (76)
p(L,0x,0y) = p(1%,0f,0x,0y) + p(1, 1y, Ox, Oy) (77)
P(L0xly) = p(L,0)0x, 1y) + p(L5, 1y, Ox, 1y) (78)
P(Lo160y) = P(L, 0, 1, Oy) + P(L, 1y, 1y, Oy) (79)
P(Le1ly) = P(L0), 1y, 1y) + p(Ly L), 1y, 1y) (80)
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p(og(a OX)
p(ogo 1)()
p( 1;(7 OX)

p( 1;(7 1X)

p(OX’ OY)
p(OX’ 1y)
p( lX’ Oy)

p( lX’ 1)’)

p(0x)

P(1x)

P(0%, Ox, Oy) + P(0}, Ox, 1y)
p(O;o 1X7 O)’) + p(O;o 1X’ 1Y)
p(1;(7 OX7 O)/) + p(]-;(’ OX; 1y)

p(]-;(’ 1Xa Oy) + p(1;(7 1X7 1y)

p(O;o 0X7 Oy) + p(]-;o OX’ Oy)
P(0%, Ox; 1y) + P(1x, O, 1y)
p(O;(a 1Xa O)/) + p(lg(’ 1X1 O)/)

p(0, 1x, 1y) + P(1, Ox, 1y)

P(1x, Oy) + p(1x, 1y)

(81)
(82)
(83)

(84)

(85)
(86)
(87)

(88)

(89)

(90)

A similar setof equationshawsit is possibleto computeall of the valuesnecessaryo

evaluateT,_, ; from the probabilityentriesin Table7.

P(Ogn OX’ Oy)
P(0§n Ox, lY)
P(Ogu 1y, Oy)

p(ogla 1Xa 1)/)

p(O;(a Ogla OXa Oy) + p(lg(a Ogla OXa Oy)
p(O;(a Ogla OXa 1y) + p(lg(a Ogla OXa 1y)
p(O;o Ogu 1X7 O)’) + p(lﬁ(, O§/7 1X7 O)’)

p(og(a Ogla 1Xa 1y) + p(lg(a Ogla 1Xa 1y)
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p(ll ’ OX7 OY) = p(O;O 1§/7 OX7 OY) + p(1§(7 1§/7 OX7 OY) (95)

p(ll ) OXa 1y) = p(O;(a 1§/a OXa 1y) + p(lg(a 1§/a OXa 1y) (96)
p(ll ) 1X7 O)/) = p(O;O 1§/7 1X7 O)/) + p(l§(7 1§/7 1X7 O)/) (97)
p(ll ) 1X7 1y) = p(O;o 1§/7 1X7 1y) + p(l;O 1§/7 1X7 1y) (98)
p(Q,0y) = p(0,0x Oy)+ P(Cf, 1x,0y) (99)
(05, 1y) = p(0f,0x, 1y) + P(0), 1x, 1y) (100)
P(1y,0y) = p(1y,040y) + p(1y, 1x,0y) (101)
p(lgla 1y) = p(lgla OXa 1y) + p(lgla 1Xa 1y) (102)
P(Oy) = P(Ox,0y) + p(1x,0y) (103)

Threeobsenationsmay be madeaboutthe relationshipbetweerthe variousentriesof
Table7. Oneis thatthe calculationgfor the joint probabilitiesof the type p(xy,yn) arethe
samefor both T;_,; and T;_,, sothey werenot repeatedn the secondsetof equations.
The seconds that computingp(xn, yn) is equivalentto summinga columnof the matrix,
it is alsoequivalentto summingarow of the matrix. Summingover thefirst row is equi-
alentin summingover the x, andy, indices,which yields p(0§(,0§,). However, because
the probabilitiesunderconsideratioraretime-shiftinvariant,this is equivalentto p(0x, Oy)
obtainedfrom summingthefirst columnof the matrix. A similar logic appliesto the other

rows andcolumns. Finally, notethat summingover the elementf the first two columns
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is equivalentto summingover the Xn+1, Yn+1, andy, indices,resultingin the probability
P(Ox). p(1x) maybedeterminedy summingover columnsthreeandfour. Summingover
thefirst two andsecondwo rows yield the sameresults.

Usingtheserelationshipsit is possibleto computethe two transferentropiesof atime
series,in a mannersimilar to computingthe mutual information. First, initialize all of
the joint probabilitiesto zero,andthenfor eachquadrupletXn+ 1, Yn+1,Xn, Yn) in thetime
series,add oneto the appropriatgoint probability entry Whenall the points have been
readin, divide eachjoint probability by thetotal numberof quadruplet®f points,w. Then
eachfour-elemenfoint probabilityis set,andEquations39 and40 maybe solved.

Developinga modelto generatdime serieswith a particularsetof transferentropies
hasbeenmuch harderthendevelopingonefor the mutualinformation,andhasyet to be
completedasof thiswriting. Obviously, theusercouldsupplyall sixteenentriesfor Table7,
but this would resultin a hugenumberof possiblematricesto evaluate.However, because
one of the goalsof this projectwasto comparethe the mutualinformation and transfer
entrofy asmeasuresf correlation it wasdecidedo considerthosesystemwith no mutual
informationbut with non-zeratransferentroyy.

Oneway to forcea systemto have zeromutualinformationis to ensurehe equality

P(Xn, ¥n) = P(Xn) - P(Yn) (105)
alwaysholds. This maybeaccomplishedby settingthefollowing
P(0x) = p(1x) = p(Oy) = p(ly) = 0.5 (106)
P(0x, 0y) = p(Ox, 1y) = p(1x, Oy) = p(1,1y) = 0.25 (107)
Applying theseconstraingo the joint probability matrix yields Table8, wherethe sumof
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P(0% 0, 0x, Oy) | PO, 0}, 0, 1y) | P(0%, O, 1x, Oy) | P(C%, O, 1x, 1y) | —0.25
P(0% 1y, 0x,0y) | P(0, 1y, 06 1y) | PO, 1y, 1, Oy) | P(C%, 1y, 1x, y) | —0.25
P(L 05, 0%, Oy) | P(L, 0,06 1y) | P(L, O, 1, Oy) | (1%, O, 1x, 1y) | —0.25
P(Lo 1y, 06 0y) | P(L 1y, 00 1y) | P(L 1y, 1, Oy) | P(L%, 1y, 1, y) | —0.25
-0.25 -0.25 -0.25 -0.25 1

Table8: ConstrainedransferEntropy ProbabilityMatrix

all therows andcolumnsmustbe zero.

The addition of theseconstraintsreducesthe numberfree parametersn the matrix
from sixteento nine, however that was still too mary free parametergo model. As a
way to eliminateadditionalvariablest seemedeasonabléo determinethoseconditions
for which the transferentrogy of the matrix would be zero, andthento try and perturb
away from thoseconditions. Considerthe T;_,; transferentrogy. While in principle ary
combinationof probabilitiesmight resultin it having a zerovalue, it is reasonabléo look
at a subseif combinations.If every termin the sumfor T;_,, is zero,thenthe total will

alsobezero. Therearetwo waysfor atermof the sumto be zero,either

P(Xn+1,%n,Yn) =0 (108)

or

P2, %n: Yn) - P(Xn) _
P(Xn, Yn) - P(Xn+1, %n)

(109)

Equation108is the trivial case. This implies that no instanceof (Xn11,%n,Yn) existsin

theinput. While this could be true for a specialcase,in generalit is notlikely to happen.
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Instead considerEquation109. In orderfor it to hold

P(Xn+1,%n,Yn) - P(Xn) = P(Xn, Yn) - P(Xn+1,%n) (110)

Sincethe constraintghat p(x,) = 0.5 and p(xn,yn) = 0.25 were alreadyapplied, this is

equialentto

2- p(Xn+1, %, Yn) = P(Xn+1,%n) (111)

However, if asumis takenover all possiblevaluesof a variablein ajoint probability, that

variablemay be eliminatedfrom the joint probability. Therefore

p(Xn_H_, Xn) = Z p(XI’H-la Xnayn) (112)
Yn

Becausg/, wasdefinedto have only two possiblestatesthereareonly two termsin thethe

summationandEquation112mayberewritten as

p(Xn+1,Xn) = p(Xn+1, Xnayn) + p(Xn+1, XnaYn) (113)

wherey, is the complimentof y,. Thatis, whatever valuey,, takes, y,, takesthe other

possiblevalue. Substitutingthis into Equationl11lyields

2-p(Xn+1,%,Yn) = P(Xn+1,%n; Yn) + P(Xn+1, %n, Yn) (114)

P(Xn+1,%n,¥n) = P(Xnt+1,%n, Yn) (115)

Again notingthatthe sumover all possiblevaluesof a variablein ajoint probabilityelimi-

nateshatvariable Equationl15maybewritten as

Z P(Xn+1, Yn+1, %n, Yn) = Z P(Xn+1,Yn+1,%n, Yn) (116)

Ynt+1 Yn+1
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p(ogo Ogn OX7 O)/)
p(og(v 1§/9 OX7 OY)
V= : (117)
p(lgo Ogn 1X7 1y)

p(1;(7 1§/7 1X7 1)’)

Table9: Vectorv

The lastexpressionstateshatthe first sumof thefirst two cellsin thefirst columnof the
matrix mustequalthe sum of the first two cells in the secondcolumn of the matrix (or
the sumsof thefirst two cellsin the third andfourth columnsmustbe equal,andso on).
Similarly, theequationsnaybesolvedfor T, 3, yielding similar results,only actingonthe
first andthird andsecondourth cells of the appropriatecolumns.Note thatthis expresses
a linear relationshipsetweenprobability values. Although the transferentrofy equation
is nonlinear the equationghatarebeingusedarelinear, andmaybeanalyzedusinglinear
algebra.

To dothis, therelationshipsnaybe representedsa matrix. Table7 maybewritten as
avectorv with sixteenentriesasshavn in Table9. A secondmatrix A maybe constructed
which summarizeshe constraingo beimposedon v, asshavn in Table10. Thefirst eight
rows of A representhe constraintthatthe sumof eachrow andeachcolumnof Table8
mustbe 0.25to fix the mutualinformationat zero. In this case theserows aresetso that
whenthey actontheappropriaterector thefirst eighttermsof theresultwill beones.The
secondeightrows of A representhe constraintthat the varioussetsof cells mustsatisfy

sothatthereis zerotransferentrory. Theserows aresetsothatthe secondeighttermsof
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o 1 01 0 0 O OO -2 0 -1 0 O O0 O

o 0 0001 01 0 000 0 -1 0 -1
(118)

Table10: ConstraintMatrix for TransferEntropy Calculation. The emptyspaceseparates

thefirst eightandlasteightrows.
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theresultvectorwill be zeroif thereis zerotransferentrory. A non-zeroresultin result
elementsnine thoughtwelve indicatesT;_,; is honzero. A non-zeroresultin elements
thirteenthroughsixteenindicatesthatT, _, j is nonzero.

SolvingthelinearequationAv = 0 revealsthe null spaceof the matrix hasfive dimen-
sions,indicatingthatthereshouldbe five free parametersn Table8 similar to y from the
mutualinformation calculations. However, theredoesnot appeara simple interpretation
for them. In orderto display the parametersit is possibleto solve the linear equation
Av=Db, whereb = [11111111000000(}6 indicatingtheresultfor a systemwith notrans-
fer entrogy. Solving this equationusingthe Maple computeralgebraprogramyieldeda
sixteenelementvector parameterizeavith five variables. It is easierto showv the results
if the sixteen-dimensionalectorv is corvertedbackinto a setof four-by-four matrices
asshown in Table11. For thesematricesthe j valuesrepresenthe five free parameters.
Matricesthatmeettheimposedconditionsmaybe constructedrom linearcombinationof
thematrices.

The setof matricesshavn in Table 11 representhe extent of the work that hasbeen
accomplishedn this part of the project. As canbe seen,the matricesdo not shav ary
simplepatternthatwould indicatehow to divide up thefive parametereén amannersimilar
to whatis seenin the mutualinformationcalculations.However, therearestill somecon-
straintequationsvhich have not beenincorporatednto thesecalculations.For the entries
of v (Table8) to beinterpretedasprobabilities they all mustlie betweerzeroandone.Any
setof valuesfor the j parametersvill allow vto meettherestrainamposedonit, including
thosethat resultin elementsof v that are not interpretableas probabilities. Becausehe

full developmentof this modelhasnot beencompletedjt wasnot possibleto evaluatethe
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-1 1 0 0 -1 0 1 0
1 -1 0 0 1 0 -1 0
V=1 + ]2
1 -1 0 0 1 0 -1 0
-1 1 0 0 -1 0 1 0
1 -1 1 -1 1 1 -1 -1
_ -1 1 -1 1 _ 0 0 0 0
+]J3 + Ja
0 0 0 0 -1 -1 1 1
0 0 0 0 0 0 0 0
1 0 0 -1 0 0 0 0.25
_ 0 1 -1 0 0 0 025 0
+1J5 +
0 -1 1 0 0 0.25 0 0
-1 0 0 1 0.25 0 0 0

Tablel11: ConstraintMatricesfor v
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Mutual Information | Probability
0.000 0.317
0.123 0.173
0.311 0.374
0.811 0.078
1.000 0.058
Total 1.000

Table12: ProbabilityDistribution for a systemwherew = 4,y = 0.4

transferentrofy asa measuref statisticalcorrelationfor short,coarse-grainetime series

atthetime of writing.

4 Numerical Results

The only resultsthat have beencollectedby this projecthave beenfor the evaluationof
themutualinformationasa measuref statisticalcorrelationfor short,coarse-grainetime
series.A computerprogramwaswritten that acceptsa modelmatrix anda window size,
andperformsthe operationslescribedn Section3.2. For example,whenthe programwas
setto computethe mutualinformationfor time seriesof lengthw = 4, wherethe model
parametey = 0.4, 4* = 256 mutualinformation/probabilitypairswere generated Table
12 shownstheresultsof sortingthosepairsandsummingthe probability of thosepairswith
the samemutualinformation.

Figurel1 shaving thefiftieth-percentilecumulative mutualinformationvaluesfor mul-
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Figurel: Graphof Many Mutual InformationValues

tiple modelsandwindows sizesby plotting the fiftieth-percentilevaluesagainstthe y pa-
rameterfor the variouswindow sizes.This graphis symmetricaroundx = 0.5 aswasex-
pectedpecausehe systemdave the samesymbolstatisticson eithersideof x = 0.5, they
just changewhich symbolsare associatedvith which probabilities. As the window size
increasesthe fiftieth-percentilecurves do seemto be approachinghe populationvalue,
which wasalsoexpected.As the samplesizeincreasesit is expectedthatmeasuresf sta-
tistical informationwould tendto approachhe populationvalues.To highlight this trend,
anRMS-typevaluewascomputed.Let the populationmutualinformationfor a particular
systenmx be denotedoy Mpop. (X), andlet thefiftieth-percentilesamplemutualinformation
for thatsamematrix with awindow sizeof w bedenotedoy M(w, x). ThedeviationD(w) is

computedustasthesamplestandardieviation, wherethemeanvalueis givenby Mpop. (X),
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Window Size | Deviation | Best-Fit Value D(w)
4 0.21 0.21
6 0.11 0.11
8 0.05 0.06
10 0.04 0.04

Table13: RMS Deviation from PopulationMI with Best-FitValues

andthesamplevalueis givenby M(w, x).

D(Ww) = \/ 2 MW )~ Mpop (9] (119)

In this equation,the summationis taken over all basismatricesdefinedby x, andn is

the numberof basismatricesused. Table 13 lists the deviations calculatedfor the curves
presentedn Figurel. Figure2 shawvs a graphof the deviations aswell asthe bestfit

cunve. Thebest-fitcurve for this datawascomputedusingthe Axum 6 computergraphing
packagelt is

D= 1.628(w—1-369) —0.034 (120)

The magnitudeof the deviation decreaseasthe window size increaseswhich was ex-
pected. Unfortunately becausethe curve is only basedon four datapoints, not much
information can be gleanedfrom it. It would be usefulto know whetherthe deviation
asymptoticallyapproachegzeroasthe window sizeincreasesor whetherit goesto some
othervalue. Theformerwould seenmto bethecaseastheconstanbffsetof thecurweis rel-
atively closeto zero,but it is not possibleto tell. Also, it is unknovn whethertherelatively

large differencebetweernhe best-fitvalueandthe actualdatafor a window sizeof 8 is the
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resultof apoorfit or whetherthereis a changdan the systempropertiesat this point.

5 Conclusonsand Further Work

Unfortunatelynot mary conclusiongnay be dravn from this project. It washopedthatit
would be possibleto finish the transferentrory modeling,andbe ableto provide a com-
parisonbetweenthe performanceof the mutualinformationandtransferentroyy, but this
was not accomplished.The resultsof the analysisof the mutualinformationdo provide
someusefulinformation. Basedon thetrails run, a time-seriedengthof only tensymbols
providesarelatively closeapproximatiorof the populationmutualinformationfor the sys-
tem,with anaveragedeviation of around0.04. Thisis usefulfor mary situationshecausdt
allows oneto expectgoodresultsfrom mutualinformationcalculationssvenwhenwaorking

with limited datasets.
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This projectsuggests large numberof possiblewaysto extendtheresearchThefirst
would beto completethemathematicaanalysisof thetransferentropy model,andevaluate
its performancen measuringcorrelations.Also, no work wasdonein looking at how the
coarsenessf the datareflectson the performancef the measuremerfunctions.It would
alsobeinterestingto seetherelationshipbetweerli’ s[8] work andtheresultsreturnedoy
this project.

Further oneof thedifficultiesencountereth this projectwastherapidincreasen com-
putationtimesfor evaluatingthemutualinformationasthewindow sizeincreasedBecause
evaluatingonemutualinformationvaluerequiresevaluatingevery possiblecombinationof
two binarystringsof lengthw, increasinghelengthof the stringsmultipliesthe numberof
combinationdy four. Thatis, thetotal numberof calculationsshavs exponentialgrowth
with respecto the sequencéength,specificallyc = 4%, wherec is the numberof calcula-
tionsandw is thewindow size. Becausef this fantasticgrowth rate,the run time for the
programquickly becomesnormous.Using a timer function, the run-time of the program
wasevaluatedwith variouswindow sizes,asshovn in Table14.

In orderto estimatetheruntime for the programfor arbitrarywindow sizes the param-
eterequation

kX

waschoserasamodel. In this equationy is theruntime, k is the exponentbase andx is
the window size. a andb arefree parametersleterminedoy the programcharacteristics.
If a were a regular multiplying constant,thenfrom dimensionalanalysisa shouldbe a

Skinnerconstantwith units of secondger operation.However, it is easierto think of the
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Window Size

Num. Ops. (4%)

Average Time

9

10

4

16

64

256

1024

4096

16384

65536

262144

1048576

0.01

0.02

0.03

0.07

0.20

1.07

4.39

17.83

74.58

305.18

Table14: ProgramRunTimesgivenin seconds
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inverse(operationger second),so a waschosento be a dividing constant.b, with units
of secondsrepresentshe fixed processingoverheadthat the programperforms,suchas
openingandclosingfiles. Usingthis model,a best-fitequationfor the datawascomputed
usingxmgr . Thefinal solution,with anaccurag of nolessthan0.01on ary value,wasas
follows.

_4.10¢

Y= 305~ 003 (122)

Figure3 shavs agraphof Table14 with this best-fitline included.

For a ten-bit-lengthsequencethe averagerun time for the programon one computer
was3.05 x 107 secondsor alittle overfive minutes.Basedon equationl22,the samepro-
gramonthesamemachineprocessingitwenty-symboktringswould take about4.09x 108
secondsor almostthirteenyears.Obviously, thebruteforcemethodgo usedin this project
rapidly becomeuntenabldor “large” window sizes. However, thereare several otherap-

proaches. For large window sizes(w >= 100), the small sampleeffects are much less
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significant,andit is possibleto usestatisticalsamplingtechniques. This is the method
Roulston[11] usedto evaluatethe Shannorentropy valuesfor seriesof length 100 and
1000. Work is still being doneto determinethe appropriatemethodsfor evaluatingin-
formationtheoreticvaluesfor windows sizesgreaterthanten elementsput lessthanone
hundredelements Someof thesemethodsncludeMonte Carlo-typesamplingtechniques,
andbeingstudiedby ProfessoDennisWeaver of SaintLeo Universityat thetime of writ-
ing.

Finally, duringthe courseof this experiment,softwarewasdevelopedto calculatemu-
tual information and transferentrogy valuesfor arbitrary datasets.It shouldbe easyto
cornvertthatsoftwareto processeal-timedata,with theintentionof beingableto controla
systemin realtime usingtheinformationtheoreticmeasurement® detectchangesn the
systemstate.

In mary ways, this project has sened as test-bedfor differentideas. While it has
answeredsomequestionsjts greateswalue shouldbe to provide directionfor furtherin-

quiries.
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Component Name Version

Processor Intel® Pentiun® 133MHz | Family 5, Model 2,
Steppingl2

SoftwareDistribution RedHat 7.1

OperatingSystemKernel | GNU/Linux 2.4.2-2

Shell GNU Bash 2.04.21(1)

C Library glibc 2.2.2

C/C++Compiler GNU CompilerCollection | 2.96-RH

Make GNU Make 3.79.1

Tablel5: SystemRequirement$or prob2 .

bintree.hh| exectimerhh | mitest.hh| timeseries.hh Makefile basetest.hlﬁ slog.hh
bintree.cc| exectimercc | mitest.cc| timeseries.cg prob2.cc| problib.hh

Table16: FilesRequiredto Build prob2 .

A Appendix A: Computer Program Files

Thefollowing appendixcontaingheprogramsourcediles requiredto compilethecomputer
programprob?2 , Version2, Block 2. This is the programthat wasusedto evaluatethe
variousstatisticalmeasures$or thisreport.

A.1 Platform Requirements

All sourcecomputercodewas written in the C++ computerprogramminglanguage. A
make file to control compilationwaswritten to run with the GNU make program. Please
consultTable 15 for a list of the hardware and software componentghat were usedto
compileandrunthe program.

A.2 Compilation and Operation Instructions

PleaseseeTable16 for alisting of thefiles neededo compileprob2 . In orderto compile
theprogram thesefile needo beplacedinto acommondirectory andthe Makefileinvoked
(this canusuallybe accomplishedy typing make at the commandprompt). Assuminga
suitableC++ compileris available,thefiles will be constructedandthe programprob2
will becreated.

At minimumtorunprob?2 , youneedo specifyasourcematrixfile to readandprocess.
Therearealsoa numberof switchesthatcanbe specified.Hereis alisting of the switches,
with their default valuesandfunctions.

e -|: Specifieghelogarithmbaseto beusedn calculations.Thismaybeary realnum-
ber, howeverthe programprovidesno error chedking for nonsensicabasevalues so
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it is bestto restrictthis valueto positive real valuesgreaterthan zero. The default
valueis base2.

e -p: Specifieghe numberof digits to displayafterthe decimalpointin calculations.
This may be ary integer, however the program providesno error cheding for non-
sensicalprecisionvalues soit is bestto restrictthis valueto positive integers. The
defaultvalueis 15 numbersafterthedecimal.

e -t: Specifieswhich calculationshouldbe run on the input matrix. Currentvalues
associateavith calculationsare 1 for a x? calculation,2 for a mutualinformation
calculation,and3 for atransferentrogy calculation,however only the mutualinfor-
mation calculationis implementedn pr ob2 Version 2, Block 2. If avalueof O is
specifiedtheprogramwill probethespecifiedmatrixfile to determingor which cal-
culatethe matrix file is configured.If a particularcalculationis specifiedthe matrix
file will still be probedto determineif it is correctly configured,andthe program
will returnanerrorif thematrix file numberdoesnot matchthe specifiedcalculation
number Further if anunsupportedestis specified the programwill alsogenerate
anerror. Thedefaultvalueis 0 for anautoprobe.

e -w: Specifiedhow mary symbolsshouldbeusedin evaluatingthecalculation thatis,
thewindow size.If awindow sizeof zerois selectedthenthe systemwill outputthe
matrix specifiedby the matrixfile, aswell asthe populationcalculationvaluefor the
matrix. Otherwisethe programwill evaluatethe calculationfor all possiblebinary;
two-windonv combinations.Any unsignedong integer valueis acceptablebut no
error cheding is providedfor negativevalues The default valueis O for the system
information.

Any of theseswitchesmaybe specifiedn arny order providedall switchescomebeforethe
filename. Any switchesthat comeatfter the filenamewill be ignored. Duplicateswitches
areallowed, but only thelastonewill have ary effect. Hereareafew exampledo illustrate
variousconfigurations.

e $> prob2
Thiswill fail becauseo matrix file namewasspecified.

e $> prob2 matrixl.mat
Thiswill run prob2usingthe matrix1.matffile with the default valueslisted above.

e $> prob2 -4 -w 12 matrixl.mat
Thiswill runprob2usingthe matrix1l.maffile with thelogarithmbasesetto four and
with the window size setto twelve (yes,a spaceis allowed betweenthe numberan
the switch).

e $> prob2 -4 -w 12 matrixl.mat -12
Thiswill runprob2usingthe matrix1.maffile with thelogarithmbasesetto four and
with thewindow sizesetto twelve. Thesecondl switchisignored.
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e $> prob2 -4 -w 12 -w6 matrixl.mat
Thiswill runprob2usingthe matrix1.maffile with thelogarithmbasesetto four and
with the window size setto six. Thefirst window size switch is overriddenby the
second.

The remainderof this appendixwill be a listing of the contentsof the above files.
While the programfiles will be slightly modifiedto accommodat@rinting requirements,
the shouldbe written an equivalently compilableform. Pleasenote that no testinghas
beendoneon the modifiedcode containedherein, and while it shouldcompileand run
properlywhenenteedinto a computersystenverbatim,nowarrantyor guaranteeis made
concerningthefitnessor operability of this code

A.3 SourceCodefor bi ntree. hh

/[ Binary Tree Library File
/I By Andrew Davis
/' 2001-07-04

#ifndef ~ BINTREE_HH
#define  BINTREE_HH

//********************************

#include <iostream.h>

/, *% *% *% *% *%

struct  treeptr {
double xval, yval;

struct  treeptr *left, *right;

h

class bintree  {

public:

bintree() {root=NULL;} //Constructor method.

void addelement (const double &newx, const double &newy);

void writetree (ostream  &outstr) const {if (root!=NULL)
inorderwritetree (outstr, root);}

double cumdist () const;

“bintree() {if  (root!l=NULL) deleteelement (root);}
/[Destructor method.
private:

struct  treeptr *root;

struct  treeptr *newelement (const double &newx,
const double &newy);

void inorderwritetree (ostream  &outstr,

struct  treeptr *currpoint) const;
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void inordercumdist (struct treeptr *currpoint,
double &sum) const;
void deleteelement (struct treeptr *currpoint);

h

// *% *% *% *% *%

#endif

A.4 SourceCodefor bi ntree. cc

/[ Binary Tree Implimentation File
/[ By Andrew Davis
/" 2001-07-04

#include "bintree.hh"

//********************************

void bintree::addelement (const double &newx,
const double &newy){
/[This  method adds an element to the binary

struct  treeptr *currbranch=root;

if  (root==NULL){
root = newelement(newx, newy);
return;

}
for (A

if  (currbranch->xval == newx){
currbranch->yval+=newy;
return;

}

if  (currbranch->xval < newx){
if  (currbranch->right==NULL){

double

tree.

currbranch->right=newelement(newx , hewy);

return;

}

else currbranch=currbranch->right;

}

else{
if  (currbranch->left==NULL){

currbranch->left=newelement(newx, newy);

return;

}

else currbranch=currbranch->left;
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void bintree:inorderwritetree (ostream  &outstr,
struct  treeptr *currpoint) const{
if  (currpoint->left'=NULL)

inorderwritetree (outstr,
outstr<<currpoint->xval<<",

if  (currpoint->right!=NULL)
inorderwritetree (outstr, currpoint->right);
}
[ [k ki *x
double bintree::cumdist () const{
double xval=0.0, sum=0.0;
if (root==NULL) return (0);
else inordercumdist (root, xval, sum);
return  (xval);
}
[ [k Krkkkkkk X
void bintree::inordercumdist (struct treeptr *currpoint,
double &xval, double &sum) const{
if ((sum < 0.50) && (currpoint->left'=NULL))
inordercumdist (currpoint->left, xval, sum);
if  (sum < 0.50){
sum+=currpoint->yval;
xval=currpoint->xval;
}
if ((sum < 0.50) && (currpoint->right!=NULL))
inordercumdist (currpoint->right, xval, sum);
}
[k Hhkkkkkk X
struct  treeptr * bintree::newelement (const double &newx,
const double &newy){
struct  treeptr *newptr = new (struct treeptr);
newptr->xval=newx;
newptr->yval=newy;
newptr->left=newptr->right=NULL;
return  (newptr);
}
[k ki X
void bintree::deleteelement (struct treeptr *currpoint){
if  (currpoint->left I= NULL) deleteelement (currpoint->left);
if  (currpoint->right I= NULL) deleteelement (currpoint->right);

currpoint->left);
"<<currpoint->yval<<’\n’;
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delete  currpoint;

}

//********************************

A5 SourceCodefor execti ner. hh

/I Program Timing Class Library

/I By Andrew Davis, inspired by timing.c
/I written by Robert Michael Lewis

/[ 2001-07-08

#ifndef ~ EXECTIMER_HH
#define EXECTIMER_HH

/I *% *% *% *% *% *

class exectimer {
public:
exectimer  (bool printstate =1);

void zerotimer () {time=get_prog_time();}
double gettime () {return (get_prog_time()

/I Return the amount of time elapsed since
/Il created or reset.

/I Set the

- time);}
timer object

void setprintstate (bool printstate =1)\
{end_print = printstate;}
/I This sets whether the destructor prints  the time.
/I 0=no print; 1=print.
bool getprintstate () const {return (end_print);}
/I Returns the value of the print state.
/I See setprintstate() function.
“exectimer O {if (end_print)
cerr<<"Time  was: "<< gettime() << endl;}
/I This is the destructor. If the print_state=1,
/[ it prints the elapsed time on the object at the

/I time of destruction.

private:
bool end_print;
double time, sysspeed;
double get prog_time () const;

h

//*********************************

#endif
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A.6 SourceCodefor execti ner. cc

/I Program Timing Class Implimentation
/I By Andrew Davis, inspired by timing.c
/I written by Robert Michael Lewis

/[ 2001-07-08

#include  <iostream.h> /I Cerr
#include  <sys/times.h> /I Times
#include  <unistd.h> /I sysconf (clock speed)

#include  "exectimer.hh" /[ Library file
//********************************* *kkhkkk *kkkk *kk
exectimer::exectimer(bool printstate){

/[This is the constructor.

sysspeed=sysconf(_SC_CLK_TCK); /IGet the system speed

/lin  cycles per second. Must be called first in constructor
/las needed by zerotimer().

end_print=printstate; /[Set the print state.
/[Defaults to 1=true=print in destructor.

zerotimer(); Initialize timer.
}
/I' *% **% *% *% *% *kkkkk *kkkk *kk
double exectimer::get_prog_time () const{
/I This is a private  wrapper function for the times()
/I function. For information on the times function and
/Il the tms struct, see "man 2 times".

struct tms now; // Create tms struct.

times(&now); /I Call times to populate tms struct.
return  (((double) now.tms_utime  +

(double)  now.tms_stime)/sysspeed);
/I Return runtime. tms struct values in clock ticks,
/I so need to divide by sysspeed to get seconds.

/I sysspeed initialized to sysconf(_SC_CLK_TCK) by constructor,

/I and is system clock tics per second. See "man 3 sysconf"
/I for more information.

}

//********************************* *kkkkk Kkkkk *kk

A.7 SourceCodefor mtest. hh

/[ Mutual Information Test Class Library
/[ By Andrew Davis
/[ 2001-07-10

#ifndef ~ MITEST_HH
#define  MITEST_HH
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//*********************************

#include "basetest.hh"
#include  <fstream.h>

class mitest : public basetest {
public:
mitest  (ifstream &mdata);
virtual void outputpopval (double logbase);
virtual void initsampval (short pl, w_size val);
virtual r_size  runpoptest (double  logbase)
{return (runtest (popprobmatrix, logbase));}
virtual r size runsamptest (double logbase) const;
virtual r size getsampprob () const;
virtual void pokesampval (short *datasetl, short *dataset2,
w_size index, short delta)
{sampcntmatrix [datasetl[index]][dataset2[index]]+=de Ita;}
virtual void outputsampval () const;
private:
r_size runtest (r_size  amatrix[2][2], double logbase) const;

r_size  popprobmatrix [2112];
w_size sampcntmatrix [2112];

3

//********************************* *kkkkk Kkkkk *kkk

#endif

A.8 SourceCodefor mtest.cc

/[ Mutual Information Test Class Implementation
/I By Andrew Davis
/[ 2001-07-10

//********************************* *kkkkk Kkkkk *kkk

/I Include Files

#include  <stdio.h>
#include  "mitest.hh"
#include  "slog.hh"

//********************************* *kkkkk *kkkk *kkk
mitest::mitest(ifstream &mdata){
/[ This constructor loads population data from the file.

r_size probAO, probO, probA,;

mdata >> probA0 >> prob0 >> probA;
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popprobmatrix
popprobmatrix
popprobmatrix
popprobmatrix

}

//*********************************

[symA][symO]=probAO0;
[symB][symO]=prob0-probA0;
[symA][sym1]=probA-probAO0;
[symB][sym1]=1-prob0-probA+probA0;

*kkkkk Kkkkk *kkk

void mitest::outputpopval (double logbase) {

/I This method displays the object information.
printf("1 | %.4If | %.4if |\n"
||__+ ________ R |\nu
"0 | %.4if | %.4if |\n"
N IR |\nu

| A B |\n", popprobmatrix [symA][sym1],
popprobmatrix [symB][sym1], popprobmatrix [symA][symO],
popprobmatrix [symB][sym0Q]);

logbhase++;

fflush(NULL);
}
/I' *% *% *% *% *% *kkkkk *kkkk *kkk
void mitest::initsampval (short pl, w_size val){

sampcntmatrix [symA][sym0]=0;

sampcntmatrix [symA][sym1]=0;

sampcntmatrix [symB][sym0]=0;

sampcntmatrix [symB][sym1]=0;

sampcntmatrix [p1][p1]=val;

}

/I' *% **% *% *% *% *kkkkk *kkkk *kkk
r_size  mitest::runsamptest (double logbase) const{
/I This method returns the mutual information
r_size sampprobmatrix[2][2];

w_size totalcnt=sampcntmatrix[symA][symO]

+sampcntmatrix[symA][sym1]+sampcntm
+sampcntmatrix[symB][sym1];

sampprobmatrix[symA][symO0]=((doub
/(double)totalcnt);

sampprobmatrix[symA][sym1]=((doub
/(double)totalcnt);

sampprobmatrix[symB][symO0]=((doub
/(double)totalcnt);

sampprobmatrix[symB][sym1]=((doub
/(double)totalcnt);

atrix|

le)sam
le)sam
le)sam

le)sam
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return  (runtest(sampprobmatrix, logbase));

}
/I' *% *% *% *% *% *kkkkk *kkkk *kkk
r_size  mitest::getsampprob () const{
return(
pow(popprobmatrix[symA][symO],sampcnt matri x[sym A][sym O0])
*pow(popprobmatrix[symA][sym1], sampcntmatrix[symA][sym1])
*pow(popprobmatrix[symB][symO], sampcntmatrix[symB][symO])
*pow(popprobmatrix[symB][sym1], sampcntmatrix[symB][sym1])
);
}
/I' *% *% *% *% *% *kkkkk *kkkk *kkk
r_size  mitest::runtest (r_size  amatrix[2][2],
double logbase) const{
/I This method returns the mutual information of amatrix.
r size probO, probl, probA, probB, sum=0.0;
probO=amatrix[symA][symO]+amatrix [symB] [symO ];
probl=amatrix[symA][sym1]+amatrix [symB] [sym1 ];
probA=amatrix[symA][symO]+amatrix [symA] [sym1 ];
probB=amatrix[symB][symO]+amatrix [symB] [sym1 ];
if  (amatrix[symA][sym0]'=0.0) sum+=amatrix[symA][symO]
*slog(amatrix[symA][symO] [ (probA * prob0),logbase);
if (amatrix[symA][sym1]!=0.0) sum+=amatrix[symA][sym1]
*slog(amatrix[symA][sym1] [ (probA * probl),logbase);
if  (amatrix[symB][sym0]'=0.0) sum+=amatrix[symB][symO
J*slog(amatrix[symB][symO] [ (probB * prob0),logbase);
if  (amatrix[symB][sym1]'=0.0) sum+=amatrix[symB][sym1]
*slog(amatrix[symB][sym1] [ (probB * probl),logbase);
return  (sum);
}
/I' *% *% *% *% *% *kkkkk *kkkk *kkk
void mitest::outputsampval () const{
/[ This method displays the object information.
printf("\n"
"1 | %Id | %Ild [\n"
R e [\n"
"0 | %Id | %Id [\n"
R e [\n"
| A B |\n\n", sampcntmatrix [symA][sym1],
sampcntmatrix [symB][sym1], sampcntmatrix [symA][sym0],
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sampcntmatrix [symB][sym0Q]);

fflush(NULL);
}

/I' *% *% *% *% *% *kkkkk *kkkk *kkk

A.9 SourceCodeforti neseri es. hh

/I Time Series Class Library
/I By Andrew Davis
/I 2001-07-04

#ifndef ~ TIMESERIES_HH
#define  TIMESERIES_HH

// *% *% *% *% *%

#include  "problib.hh"

// *% *% *% *% *%

class timeseries {

public:

timeseries(w_size windowsize);

void resetdata  (short val =0);

void setval (w_size offset, short val =1);
void pokeval (w_size offset, short  val);

short int checkval (w_size offset) const
{return (series[offset]);}

short int *getdata () {return (series);}

w_size getnumzeros () const {return (numzeros);}
w_size getsize () const {return (seriessize);}
“timeseries() {delete [] series;}

private:
short  *series;
W_Size numzeros, seriessize;

3

//*********************************

#endif

A.10 SourceCodeforti neseries. cc

/I Time Series Implimentation File
/Il Andrew Davis
/' 2001-07-04

#include "timeseries.hh"

// *% *% *% *% *% * *% *
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timeseries::timeseries (w_size  windowsize){
/[ This constructor initializes timeseries with a
/I length and sets all values to zeros.

seriessize=windowsize;
series=new short int [seriessize];
resetdata 0;

void timeseries::resetdata (short  val){
/I This method sets all entries to one value
for (w_size c¢=0; c < seriessize; ct++) series[c]=val;

if (val==0) numzeros=seriessize;
else numzeros=0;

//********************************* *kkhkkk *kkkk *kkkk
void timeseries::setval (w_size offset, short  val)({
/[This  function sets a particular element of the timeseries.

if (series[offset] == 0) numzeros--;
if (val==0) numzeros++;
series|offset]=val;

//********************************* *kkkkk *kkkk *kkkk
void timeseries::pokeval (w_size offset, short  val){
/[This  function sets a particular element of the timeseries.
if (series[offset] == 0) numzeros--;
series[offset]+=val;
if (series[offset] == 0) numzeros++;
//********************************* *kkkkk *kkkk *kkkk

A.11 Source Codefor probli b. hh

/[ Problib library file
/I Andrew Davis
/I 2001-07-12

#ifndef ~ PROBLIB_HH
#define  PROBLIB_HH

//********************************* *kkkkk Kkkkk *kkk

/I Typedefs
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typedef double r_size;
typedef unsigned long w_size;

//********************************* *kkkkk Kkkkk *kkk

/I Macros

#define  symA 0O
#define symB 1
#define  symO 0
#define  syml 1

#define CHOICE O
#define  X2TEST 1
#define  MITEST 2
#define TETEST 3

#define AOKO

#define ARG_ERRORI1
#define FILE_ERROR -2
#define TEST_ERROR-3

/I' *% *% *% *% *% *kkkkk *kkkk *kkk

#endif

A.12 Source Codefor prob2. cc

/I Probability Program 2 using C++
/[ By Andrew Davis
/[ 2001-06-05

/I' *% *% *% *% *% *kkkkk *kkkk *kkk

#include "bintree.hh"
#include "timeseries.hh"
#include  "mitest.hh"
#include  "exectimer.hh"

#include  <string>
#include <unistd.h>
#include  <sstream>

/I' *% *% *% *% *% *kkkkk *kkkk *kkk

void readcmdparams (int  &error, int argc, char *argvl],
ifstream &datain, ofstream  &dataout, ofstream &cdout,
w_size &windowsize, double &logbase, int &precision,
int  &testval){

int  optval, testchk;

if (argc<2) error=ARG_ERROR;
else{
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do{
optval=getopt(argc, argy, "+ipitw™);

switch  (optval){

case I logbhase=atof(optarg); break;
case 'p.  precision=atoi(optarg); break;
case 't testval=atoi(optarg); break;
case 'w: windowsize=atol(optarg); break;
}

}
while  ((optval>0) && (optval'="?"));

datain.open(argv[optind]);
datain>>testchk;
if (testval==CHOICE) testval=testchk;

if (testval'=testchk) error=FILE_ ERROR,;
else if (windowsize>0){
ostringstream buffdata, buffcd;
buffdata<<argv[optind]<<"."<<window size< <".da ta";
buffcd<<argv[optind]<<"."<<windowsi ze<<" .cd";
string  sdata (buffdata.str()), scd (buffcd.str());

dataout.open(sdata.c_str());
cdout.open(scd.c_str());

}
else{
ostringstream buffdata;
buffdata<<argv[optind]<<".pop.data" ;
string  sdata (buffdata.str());
dataout.open(sdata.c_str());
}
}
}
/I' *% *% *% *% *% *kkkkk *kkkk *kkk
void generateData  (basetest *thetest, bintree  &datastore,

w_size windowsize, double logbase){
short  carry;
w_size c, d;

timeseries sensorl (windowsize), sensor2 (windowsize);
/I Initialize timeseries and set sample value.
thetest->initsampval (0, windowsize);

dof

/I store data in tree
for (d=0; d<windowsize; d++) cout<<sensorl.checkval(d);

cout<<" ™
for (d=0; d<windowsize; d++) cout<<sensor2.checkval(d);
cout<<"\n";

datastore.addelement(thetest->runsamp test( logba se),
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thetest->getsampprob());

/Il Increment sensor 1 and update tables.
for (c=0, carry=1; ((carry!=0) &&
(c < sensorl.getsize())); c++){
thetest->pokesampval(sensorl.getdat a(),
sensor2.getdata(), c, -1)
sensorl.pokeval(c, carry);

if (sensorl.checkval(c)>1){

carry=1,
sensorl.pokeval(c,-2);
}
else carry=0;
thetest->pokesampval(sensorl.getdat a(),
sensor2.getdata(), c, 1)
}
/Il Increment sensor 2 and update tables.
for (c=0; ((carry!=0) && (¢ < sensor2.getsize())); c++){
thetest->pokesampval(sensorl.getdat a(),
sensor2.getdata(), c, -l)
sensor2.pokeval(c, carry);
if (sensor2.checkval(c)>1){
carry=1;
sensor2.pokeval(c,-2);
}
else carry=0;
thetest->pokesampval(sensorl.getdat a(),
sensor2.getdata(), c, 1)
}
}
while  ((sensorl.getnumzeros()+sensor2.g etnum zeros ())
I=(windowsize*2));
}
//********************************* *kkkkk *kkkk *kkk
void printerror (int  erron){
switch  (error){
case ARG_ERROR: cerr<<"No test file listed."<<endl; break;
case FILE_ERROR: cerr<<"Testval--file mismatch."<<endl;
break;
case TEST_ERROR: cerr<<"lllegitamate test selected."
<<endl; break;
default: cerr<<"Unknown  Error."<<endl; break;
}
}
*% *% *% *% *% *kkkkk *kkkk *kkk

I
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int main (int argc, char *argv[]){
/I Main function.

/I Set program timer.
exectimer  clockl,;

/I Initialize Local Data Objects
basetest  *thetest=NULL;

bintree datastore;

w_size windowsize=0;

double logbase=2;

ifstream datain;

ofstream  dataout, cdout;

int testval=AOK, precision=15, error=0;
readcmdparams  (error, argc, argv, datain, dataout, cdout,
windowsize, logbase, precision, testval);

if (error==A0K){
switch  (testval){

case MITEST: thetest=new  mitest(datain); break;
default: error=TEST_ERROR; break;
}

}

datain.close();

/I If window size is zero, show system diagnostic data,
/I else generate data.

if (error = AOK)X

clockl.setprintstate(0);

printerror (error);

}

else if (windowsize == 0}

clockl.setprintstate(0);

thetest->outputpopval(logbase);

cout<<"Pop. Test Val. "<<thetest->runpoptest(logbase)<<"\
dataout.precision(precision);
dataout<<thetest->runpoptest(logbase) <<"\n "

}

else {

generateData  (thetest, datastore, windowsize, logbase);
dataout.precision(precision);

datastore.writetree (dataout);

cdout.precision(precision);

cdout<<datastore.cumdist()<<"\n";

cdout.close();

}

dataout.close();

return  (error);
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A.13 Source Codefor sl og. hh

/I Arbitrary Base Log Function
/I Andrew Davis
/[ 2001-07-10

#ifndef  SLOG_HH
#define  SLOG_HH

// *% *% *% *% *%

#include <math.h>

//*********************************

inline double slog (double val, double base){
return (log(val) ! log(base));
}

// *% *% *% *% *%

#endif

A.14 Source Codefor baset est . hh

/I Base Test Class Library
/I By Andrew Davis
/[ 2001-07-04

#ifndef ~ BASETEST_HH
#define BASETEST_HH

//*********************************

#include  "problib.hh"

//*********************************

class basetest {

public:

virtual void outputpopval (double logbhase) =0;
virtual void initsampval (short pl, w_size val) =0;
virtual r_size  runpoptest (double logbase) =0;
virtual r_size runsamptest (double logbase) const =0;
virtual r_size getsampprob () const =0;

virtual void pokesampval (short *datasetl, short *dataset2,
w_size index, short delta) =0;

virtual void outputsampval () const =0;

%

[k ik *x

#endif
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A.15 SourceCodefor Makefil e

ERRS = -wall
OPT1 = -03 -s -march=i586
OPT2 = -fomit-frame-pointer -funroll-loops -fforce-addr

OPT = $(OPT1) $(OPT2)

#********************************** *kkkkk Kkkkk *kkkk Kkkkkk *kk

btcc = bintree.cc
bto = bintree.o
bthh = bintree.hh

etcc = exectimer.cc
eto = exectimer.o
ethh = exectimer.hh
micc = mitest.cc

mio = mitest.o
mihh = mitest.hh basetest.hh slog.hh  problib.hh

tscc = timeseries.cc
tso = timeseries.o
tshh = timeseries.hh

p2cc = prob2.cc
p2o0 = prob2.0
p2hh = problib.hh mitest.hh exectimer.hh bintree.hh

mkfl = Makefile

# *% *% *% *% *% * *% * *% *%%

prob2 : $(bto) $(eto) $(mio) B(tso) $(p20)  $(mkfl)
$(CXX) S(ERRS) $(OPT) $(bto) S(eto) $(mio) $(tso) $(p20) -0 prob2

prob2.0 : $(p2cc) $(p2hh)  $(mkfl)
$(CXX) $(ERRS) $(OPT) -c $(p2cc)

bintree.o . $(btcc)  $(bthh)  $(mkfl)
$(CXX) $(ERRS) $(OPT) -c $(btcc)

exectimer.o . $(etcc)  $(ethh)  $(mkfl)
$(CXX) $(ERRS) $(OPT) -c $(etcc)

mitest.o : $(micc)  $(mihh)  $(mkfl)
$(CXX) $(ERRS) $(OPT) -c $(micc)

timeseries.o © $(tscc)  $(tshh)  $(mkfl)
$(CXX) S(ERRS) $(OPT) -c $(tscc)
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