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We study the effect of strong spin-orbit coupling (SOC) on bound states induced by impurities in
superconductors. The presence of SOC breaks the SU(2)-spin symmetry and causes the superconducting
order parameter to have generically both singlet (s-wave) and triplet (p-wave) components. We find that in
the presence of SOC the spectrum of Yu-Shiba-Rusinov (YSR) states is qualitatively different in s-wave
and p-wave superconductors, a fact that can be used to identify the superconducting pairing symmetry of
the host system. We also predict that, in the presence of SOC, the spectrum of the impurity-induced bound
states depends on the orientation of the magnetic moment S of the impurity and, in particular, that by
changing the orientation of S, the fermion-parity of the lowest energy bound state can be tuned. We then
study the case of a dimer of magnetic impurities and show that, in this case, the YSR spectrum for a p-wave
superconductor is qualitatively very different from the one for an s-wave superconductor even in the limit

of vanishing SOC.
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The presence of impurities is almost always unavoidable
in condensed matter systems. Often, impurities are regarded
as a nuisance that spoils the properties of a clean system and
complicates the understanding of its properties. However,
impurities are, in many instances, essential to obtain desir-
able physical effects and can be used as unique atomic-scale
probes of the ground state of the host system [1-9]. In an
s-wave superconductor, magnetic impurities cause the for-
mation of bound states, the Yu-Shiba-Rusinov (YSR) states
[10-12]. There has been a significant interest in the proper-
ties of YSR states due to theoretical proposals suggesting
that a chain of magnetic impurities placed on the surface of a
superconductor (SC) would be a robust, self-tuning, system
that should exhibit Majorana states [13—17]. In these
proposals, the bound states induced by the chain of magnetic
impurities form an impurity band with nontrivial topological
character. More recently, it has been pointed out that the
presence of Rashba spin-orbit coupling (SOC) should
facilitate the realization of a topological impurity band of
YSR states [18-21]. On the surface, due to the lack of
inversion symmetry, some amount of Rashba SOC will be
present. Therefore, for the systems considered to realize a
topological band of YSR states, the presence of Rashba SOC
is both unavoidable and beneficial. This assessment has very
recently been confirmed by the experimental results pre-
sented in Ref. [21], that show some evidence of the presence
of Majorana modes at the end of a chain of Fe atoms placed
on the surface of a SC with strong SOC, Pb. The recent
developments in the search of systems that can resiliently
host Majorana fermions [22-45] strongly motivates the
study of the effect of SOC on YSR states. However, so
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far the effects of SOC on YSR states have been almost

completely neglected.

In this Letter, we present the general theory of the
impurity-induced bound states in the presence of Rashba
SOC. We show that SOC, which breaks SU(2)-spin sym-
metry and results in the mixture of s-wave and p-wave
pairing correlations [46] profoundly modifies the spectrum
of the YSR states. We consider the realistic, and general,
case in which both the scalar and the magnetic part of the
impurity potential has angular momentum components (/)
higher than [/ = 0. This is also motivated by the fact that
partial waves beyond the s wave have often been shown to
be essential for explaining experimental data [47—49]. We
find that the presence of SOC, by mixing YSR states with
different /, profoundly changes the spectrum of the impurity-
induced bound states. The presence of SOC can lead to
p-wave pairing. Our results show that the spectrum of
impurity-induced bound states is qualitatively different in
p-wave and s-wave superconductors. Another important
consequence of the presence of SOC that we find is that the
spectrum of the YSR states becomes dependent on the
orientation of the magnetic moment S of the impurity and
that, in particular, the fermion parity of the lowest energy
bound state can be tuned by changing the direction of S. We
then study the case of a dimer formed by two magnetic
impurities and find that, in this case, even in the limit of zero
SOC, the YSR spectrum is qualitatively different between
s-wave SCs and p-wave SCs.

Model.—We consider a superconductor described by the

mean-field Hamiltonian Hgc = ZPI,UEH sc(P)wyp, where
wyp is the Nambu spinor (cp1. ¢py . cT_N, —cipT)T, with ¢,
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(cps) the creation (annihilation) operator for an electron
with momentum p = (p,., p,) and spin o, and

HSC_Tz(£p+alp'o-)+TX(AS+%IP'6>' (1)
F'

‘Hsc describes effectively two-dimensional superconduct-
ing thin films, and surfaces of 3D superconductors with
strong Rashba SOC. In Eq. (1) 2 =1, 7, o; are the Pauli
matrices in Nambu and spin space, respectively, &, = p*/
2m —ep, with m the effective mass of the fermionic
quasiparticles; er and pr = \/2mep are the Fermi energy
and Fermi momentum, respectively, 1, = (p,,—p,) [50], a
is the strength of the Rashba SOC, and A, A, are the
singlet, triplet, pairing order parameters, respectively,
which we assume to be real.

In the presence of impurities, the term H;,, =
2.Ville=Ryl) =52 U(lr = Ry[)z. + J([r = R[)S; - o
must be added to Hgc. R;s are the positions of the
impurities, and U and J are the charge and magnetic
potential, respectively. Without loss of generality, we set
R = 0 for single impurity and R; = x; for a dimer. Using
the density of states (per spin) vy = m/2zx, and the Fermi
velocity vy = prp/m, we can define the dimensionless
potentials U = Unvp, J = }zwp|S|, and the dimensionless
Rashba SOC a = a/v which are used in the remainder of
the Letter.

To find the spectrum {E} of the impurity-induced
states, we have to solve the Schrodinger equation
(Hsc + Himp)w (r) = Ey(r). Let G = [E—Hgc|™", then
the Schrodinger equation can be rewritten as
[1=G(E,r)Hipply(r)=0 [17]. The spectrum of the
impurity-bound states is obtained by finding the values of
E such that det[1 — G(E,r)H,y,| = 0. In momentum space,
the Schrodinger equation takes the form

w(p) = ) _G(E.p)

x [ apertres iy S0 - p ). (@)

Following the formalism of Ref. [46], the Green’s function
G can be written as the sum (G(E,p) = [GT(E,p)+
G (E,p)]/2) of the two spin helical bands Green’s
functions

G*(E.p) = (

E+¢&, Ay )aoztsineaxq:coséay
Ay E-&) E-g-A7

Here, p =[p|.£.=p*/2m+t ap—epand A=A+ A,p/pp.
Let us define W= [(pdp/2m)e Py (p) and

GY(E,0) = [(pdp/2r)e”i—%)P<os0G(E, p).  Assuming
that V(p) at the Fermi surface depends weakly on p and
integrating Eq. (2) with respect to p, we find

w0 = S G(E.0) - [ a0V, (0~ @). (3

Rewriting all the functions of angle that enter Eq. (3) in
terms of their angular momentum components: f(6) =
ST f1e, we find

Vil — Z G/ (E) \A/ﬁ-_"l//jyl_” =0. (4)
j.n

Since Hi,, is Hermitian and even with respect to
0— ¢, we require U;(= U_;) and J;(=J_;) to be real,
and Vi =Ur,o0+ 7 Tg—; The local term G¥ =
(G (E) + G, (E)]/2 =0 for |n| > 2. The details of the
calculation are presented in the Supplemental Material [51].
Henceforth, we assume that the impurity potential has only
large [ =0,1 components and neglect higher angular
momentum channels.

We consider two different phases of a noncentrosym-
metric SC [55-57]: s wave (|A;|> |A,|) and p wave
(|As| < |A,|) pairing dominating regimes. As we show
below, the spectra are qualitatively different in the two
regimes.

Single magnetic impurity.—The main effect of the
presence of SOC on the YSR spectrum is well exemplified
by the case of purely magnetic impurities. For this reason,
in the remainder, we consider only purely magnetic
impurities (U; =0) and discuss in the Supplemental
Material [51] the case in which a scalar component of
the impurity potential is also present.

For an s-wave SC, we find that, in the presence of SOC,
we have three impurity-induced bound states at £ > 0. For
the case S||Z, the energies of these states are

Ero| _ =S5y T) + (r =D (o= /1)"

A P21+ (Jo—J1)* +2rod 1 + I3 ’
|E3|:1_J% (5)
A, 1+ 43

where y = 1 4+ @2. In the limit of no SOC, each nonzero
angular momentum component of the magnetic impurity
potential, J,, creates a bound state [12]. For a = 0, the
[ = %1 levels are degenerate due to the rotational sym-
metry of the Hamiltonian. The presence of SOC, however,
causes the [ = +£1 levels to split, see Fig. 1(a). Interestingly,
we find that only two of the levels disperse with @, and one
level remains unchanged.

An important consequence of the presence of
SOC in s-wave SCs is that, by breaking the SU(2)
symmetry of the SC Hamiltonian, it causes the spectrum
of the YSR states to strongly depend on the direction of
S = (cos ¢ sin @, sin ¢ sin 6, cos ), see Fig. 2(a). (Because
of the remaining U(1) symmetry, the spectrum does not
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FIG. 1 (color online). Dependence on SOC strength of the
spectrum of bound states induced in a SC by a purely magnetic
impurity with Jy = 3/4, J; = 1/2 in s-wave [(a) and (c)] and
p-wave [(b) and (d)] superconductors for S||Z [(a) and (b)]
and S||x [(c) and (d)].

depend on the in-plane direction, i.e., ¢.) In particular,
the results of Fig. 2(a) show that, by tuning the direction
of S, the fermion parity of the bound states can be
changed. This feature could be extremely useful for
tuning between topological and nontopological regimes
in the YSR-based Majorana proposals [17]. In the limit
a < min{l, |Jy — J|}, we can obtain an analytic expres-
sion for the dependence of the YSR energy levels on the
direction of S in an s-wave SC

|E1|~ 1—‘](2) 4(}2](2)‘]1(‘]0(30529—]1)

Ay, 1+ J3 (A +J3)*J3-J3)
|Eysl 1=J7 | 2a°JoJ7[Jo = Jicos0 £ F(0)] (©)
A, 1402 (1 +J3)*J3-73) ’

where F=+/(Jy—J)*cos’0+ Jisin*0. These expres-
sions, valid as long as the hybridized states are not
degenerate, allow us to identify the effect of the interplay
of SOC, relative strength of the different components of the
magnetic impurity potentials (J;), and direction of S on the
YSR spectrum.

We now study YSR states in a p-wave SC. The energies
of the YSR spectrum, in the presence of small SOC (a < 1)
for S||Z, are given by

(b)
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FIG. 2 (color online). Bound state spectrum for magnetic
impurity in a s-wave (a) and p-wave (b) SC as a function of
the direction of the magnetic moment at J, =1, J,; = 1/3.

|E| 5] _ 1+ JoJy 41 (Jo—J1)?
A 1+ 2)1+72) (1+J5)(1+J7)’
|Esa4| 1 J3

A \/1+J%i|a|1+f%' 7
Figure 1 shows the evolution with a of the energies of
the YSR states in a p-wave SC for S||Z (b) and S||x (d). In
the absence of SOC, the YSR spectrum is isotropic in the
s-wave case due to the rotational spin symmetry. In p-wave
case, this is not the case, as follows from Figs. 1(b)
and 1(d). Since the p-wave pairing term mixes different
angular momentum channels, / is not a good quantum
number to label the states even in the absence of SOC.
Furthermore, one can notice that the states are doubly
degenerate at @ = 0 due to an additional symmetry present
in the p-wave case. Indeed, the p-wave Green’s function is
invariant under the transformation U = 7,P with P being
the momentum inversion operator p — —p. Because of this
symmetry, YSR states appear in pairs in p-wave super-
conductors. In contrast, the s-wave Green’s function does
not have the above symmetry and, as a result, there is only
one bound state per angular momentum channel (i.e., one
state for / = —1,0, 1 channels). In the presence of pertur-
bations not commuting with U, such as, for example, SOC,
this degeneracy is lifted and the different parity of the
number of the particlelike (or holelike) subgap states in the
s wave and p wave becomes visible, see Figs. 1 and 2. This
qualitative result opens the possibility to identify the
dominant superconducting pairing of a SC by simply
counting the number of particlelike energy levels induced
by a magnetic impurity within the SC gap. In contrast to
s-wave superconductors, the YSR spectrum in the p-wave
case depends on € even in the absence of SOC since
p-wave pairing is characterized by the vector [,, see
Eq. (1). The analytical results for a general angle 6 are
not particularly illuminating (see Eq. (S26) in the
Supplemental Material [51]), so we plot the evolution of
the YSR spectrum with 6 in Fig. 2(b).

Dimer.—To understand the physics of a chain of impu-
rities, it is very helpful to investigate the simpler case of a
dimer formed by two magnetic impurities. Using Eq. (4),
we have studied the properties of a dimer formed by two
magnetic impurities placed at a distance d from each other
on the surface of the SC assuming A/e, < 1. We find that
the wave function overlap between the bound states
induced by the two impurities generates level splitting
which strongly depends on the relative direction of the
impurity spins and on the strength of the SOC. It is
interesting to note that the presence of SOC, even when
the SC is an s wave, also modifies the spectrum in the limit
in which the magnetic part of the single impurity potential
has only one nonzero angular momentum component.
For this reason, we consider the case in which only J,
is not zero, and one impurity has S;||Z and the other
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S, = (sin @, 0,cos 0). The dependence of the dimer YSR
spectrum on the relative angle € between the magnetic
moments of the two impurities is shown in Figs. 3(a)
and 3(b). We immediately notice the following qualitative
features: (i) Even in the limit of no SOC, for a p-wave SC,
the number of energy levels is twice as large as the number
of levels in an s-wave SC. (ii) In the limit of no SOC for an
antiferromagnetic dimer, the spins of the YSR bound states
are in the opposite directions such that their orthogonality
leads to a level crossing at @ = z. (iii) In the presence of
Rashba SOC, the spatial projection of a bound state spinor
rotates around the y axis as we move from one impurity to
the other; as a result, the crossing between levels happens at
0 #+ m; for an s-wave SC, the two levels cross for a value of
6 smaller than 7 [Fig. 3(a)]; for a p-wave SC, the two lower
energy states cross at # < z, whereas the two higher energy
states cross at € > 7.

The qualitative features listed above should be easy to
test experimentally. The first feature should allow us to
readily identify the symmetry, s wave or p wave, of the
superconducting pairing in the host material even without
any tuning of the relative angle between the magnetic
moments of the two impurities. If the relative angle 6
between the magnetic moments of the two impurities is
known, features (ii) and (iii) allow us to detect the presence
of SOC and its strength. Conversely, if the strength of the
SOC is known, features (ii) and (iii) allow the determi-
nation of the relative angle 6.

The properties of the system SC + dimer can be further
identified by studying the dependence of the dimer YSR

E/A,

FIG. 3 (color online). Bound state spectrum of a magnetic
impurity dimer along the X in an s-wave (a) and p-wave (b) SC.
The direction of one impurity is fixed along Z while the other
impurity is pointing in the x — z plane with angle 6 from Z. Here,
Jo=3/4, kpd =6 and e = 10004A;,. (c) Dependence of a
dimer YSR spectrum on the distance d between the two
impurities aligned along Z for an s-wave SC; e = 1000A,,
Jo = 3/4. (d) Same as (c), but for a p-wave SC.

spectrum on the distance d between the two impurities.
Figures 3(c) and 3(d) show the evolution of the energy
levels of the YSR spectrum with d, for the case of an
s-wave and a p-wave SC, respectively. The combination of
the results presented in the panels of Fig. 3 makes it
possible to obtain experimentally, by measuring the
dependence of the dimer spectrum on the experimentally
tunable parameters 6 and d: (i) the pairing symmetry of
the SC, (ii) the strength of the impurity-host exchange
couplings (J,,), (iii) the strength of the SOC.

Conclusions.—We have studied the effect of spin-orbit
coupling on the impurity-induced resonances in the local
density of states of a 2D superconductor for the case of a
single impurity and a dimer. Our treatment is general in
that: (i) it allows for the presence of s-wave and p-wave
superconducting pairings, (ii) it includes higher (|| > 1)
angular momentum components of the impurity potential,
(iii) it takes into account both the scalar and the magnetic
part of the impurity potential. We show that SOC mixes
YSR states with different angular momentum and,
therefore, strongly modifies their spectrum. In particular,
we find that: (i) In the presence of SOC, the parity
of the particlelike (or holelike) energy levels of the
YSR spectrum is different in s-wave and p-wave SCs,
a fact that should allow one to identify the dominant
superconducting pairing symmetry of the host material.
(i) By changing the direction of the magnetic moment
of the impurity, the fermion parity of the lowest YSR
state can be modified. (iii) The dimer YSR spectrum
oscillates as a function of the relative angle between
the magnetic moments of the two impurities and their
distance and that qualitative features of these oscillations
depend on the superconducting pairing symmetry and the
strength of the SOC. These are predictions that can be
tested experimentally using STM and have important
implications for STM experiments trying to reveal the
nature of the superconducting pairing in noncentrosym-
metric superconductors. Since Pb has a large SOC, our
results shed some light on the measurements presented
in Ref. [48].

Our findings are also directly relevant to the ongoing
efforts to use magnetic atom chains placed on the surface of
a superconductor with a strong SOC, such as Pb, to realize
topological superconducting phases with Majorana end
states [21]. Given that strong SOC leads to the dependence
of the YSR spectrum on the direction of the atom
magnetization, one might be able to control the fermion
parity of the ground states (i.e., drive the topological
quantum phase transition) by changing the direction of
the magnetization. Furthermore, we argue that higher
angular momentum impurity resonances might be
important for the interpretation of the experiment [21]
since it is not clear at the moment what is the dominant
angular momentum channel determining the topological
YSR band.
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MOMENTUM AVERAGED GREEN’S FUNCTION

The momentum integral of Green’s functions G/ (E, 6) can be derived by splitting G(E, p) into two branches G=(E, p) and
changing the integral over the momentum to an integral over energy dispersion &4 for each branch:

P 1 = o—
GU(E,0) = S(GHY(E,0) + G~V (E,0)) (S1)
l=——— 1 [®dp _._ ., -
ZGINig I i ixijpcos O )\
5G0ED) = 5 [ e GA(E, p) ($2)
A ~
~ 2 [ gt @ 0GB 6 0) 59
—A

where x;; = x; — 2, A = £, vy = 22 (1 \/1+7) =ma/pr, pr = V2merp, pA(§) = pra+&/vr, prx = pr(V1+ a2 —
A\@), vp = ppV/1 + a2 /m and A is a cutoff. Assuming the most of the contributions for Gii (E, #) comes from near the Fermi

surface p ~ pp, we substitute Ay with Ay = A, + A,. The analytic forms of Gy (E, 0) can be derived in the limit A — oo
by using the following integrals:
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Their angular momentum components are defined by
1 2 )
I, () = — I (z,0)e"dp, (S8)
’ 271' 0
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I (x #£0) = 5> IN(z #0,0)e™040. (S9)
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By changing the integration variable § — —6 we obtain the identity / z‘ /B = 1 ;\1 /B,—n’ The results of the above integrals for
|n| < 3 can be written as
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and for non-zero =
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where ) (z) = ppaz + iYE=E2 2| & ppax for AJep < 1, Jo(z) and H,(z) are Bessel and Struve functions of order .
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Note that / B,H(O) = 0. Using the above results for x = 0, we get
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with x; — x; for the argument of function Is.

EQUATION FOR SINGLE IMPURITY BOUND STATE ENERGIES FOR ZEROTH AND FIRST ANGULAR MOMENTUM
CHANNELS

For a single impurity, we can drop the site index 7 such that Vl V! and i, = ;. When we assume that VI==10.1 gre the
only non-zero components, we have following equations from the Eq. (4) of the main article.

U1 = Go(E)V'1 + G1(E)V
Vo1 = Go(E)W 1 + G_1(E)V % (S24)
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o
N

|
‘C)
C
<I>
|



For a bound state solution to exist the following condition must be satisfied,

Go(EYW1—1 G_(E)V° 0
det Gl(E)V_l G()(E)Vo —1 Gfl(E)‘A/l = 0. (S25)
0 GLE)W"  Go(E)WV!'-1

One can solve the above equations in both analytic and numeric ways to get the bound state spectrum. Most of the results for the
purely magnetic impurities in s and p-wave superconductors are provided in the main article. Due to the broken spin-rotation
symmetry, bound states of single magnetic impurity in p-wavw SC strongly depend on the direction of magnetic moment even
in the absence of Rashba SOC. In the limit of zero SOC, one can find analytic solutions for the bound state spectrum.

|Ev2|  [242JoJ) cos? 0+ Jo(Jo+JoJ? £/3J2 —2JoJ1 (1= J7)+ I3 (L+J{) +J1 cos 20(J; cos 20—2Jo(1+Jo— J})))
Ay 21+ J2)(1+ J3?)

(S26)
Note that for a = 0 these bound states at are doubly degenerate.

EFFECTS OF THE SCALAR POTENTIAL ON THE SINGLE IMPURITY BOUND STATES IN S-WAVE SUPERCONDUCTOR

We now investigate the effect of the interplay between the scalar and the magnetic potential of the impurity. Without SOC, the
effect of U, # 0 is to merely shift the energy of the [ = n level[|]. However, the presence of the SOC causes the scalar potential
to qualitatively affect the spectrum of the YSR states created by the magnetic potential (Jy, JJ; # 0). In the perturbative regime
a < 1, for S || 2, we find that when Uy # 0 the energies of the | = 0, 1 states are given by the following analytical expressions:
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whereas the energy of the [ = —1 states remains unchanged. From these expressions we can see that the SOC correction to

the energy of the [ = 1 level depends in a non-trivial way on Uy. Analogously, we found that the energy of the | = 0 level
qualitatively depends on U;. To go beyond the perturbative regime we solved Eq. S25 with Uy # 0 numerically. Fig. S1 shows
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FIG. S1: (Color online) Bound state spectrum for a magnetic impurity with Uy = 0 (black) and Uy = 1 (red) in an s-wave SC as a function of
Ji. Jo =3/4,U1 = 0, S = Z (left panel) and S = Z (right panel) were used.



the evolution of the YSR-states spectrum as a function of J; when both Uy and & are not zero. This figure clearly shows the
qualitative effect that Uy has on the YSR-spectrum in the presence of SOC: for S || Z the interplay of SOC and scalar potential
creates avoided crossings between the particle-like I = 0 and the hole-like [ = 1 levels. For in-plane direction S there is an
additional avoided crossing between particle-like and hole-like [ = 1 levels.

EFFECTS OF THE SCALAR POTENTIAL ON THE SINGLE IMPURITY BOUND STATES IN P-WAVE SUPERCONDUCTOR

One can show that even in the presence of time-reversal symmetry, scattering off non-magnetic impurities alone leads to the
formation of subgap bound states in the p-wave superconductors[2—4]. The presence of SOC modifies the spectrum. In the limit
of no magnetic potential, for & < 1, we find the following analytical expressions for the energy levels of the bound states:

E_ 1
|Ei=o| Uols + (S29)
Ay VOZ+1) (U +1)
a%(Uy — U0)2((Uo + Up)2 + 1 — URU?)
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|Ei=a|  1+a°U}/ (S30)

Ay \/1—|-U12

Fig. S2 (left) shows the evolution of these levels with &. In Fig. S2 (right) we show the effect of U; for fixed values of & and Uj.
We see that there can be a value of U; for which the energy levels cross. Notice that the bound state levels given by Eqs S29, S30
are doubly degenerate due to time reversal symmetry. The presence of a magnetic potential (J,, # 0) leads to splitting of these
Kramers doublets.

0.;/ ] \
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FIG. S2: (Color online) Bound state spectrum in a p-wave SC for a scalar impurity as a function of a at Up = 0.5 and U; = 2 (left) and as a
function of U; at o = 0.5 and Uy = 0.5 (right).

EQUATION FOR DIMER BOUND STATE ENERGIES FOR ZEROTH AND FIRST ANGULAR MOMENTUM CHANNELS

For dimer Eq. (4) of the main article becomes
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Again bound-state energy is the solution of
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Due to the inter-site terms the spectrum now depends on the distance between two impurity as well as their directions. Please

see the figure 3 in the main text.
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